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orthogonal; hence, choose 

(10)1'2 

fJ+=- C{Ri,Ri}»>+{R,,Rs}«] 

1 / I O N 1 ' 2 

h 2 + \ j ) C{R1 ,Ri} (2 )-{R2,R2} (2 )] (49) 

/ 7
2+=(2/r)(10/3)^{R 1 ,R 2}( 2>. 

A similar procedure can be used to orthogonalize the 
set of fy

L* for any Lw and hence satisfy (39). 

WAVE FUNCTION OF THE TRITON 

The triton and He3 have T=J, JTT=%+. Hence the 
possible states 2S+1LB are, according to Table I I , 
2SS,M,N,A, 2PS,M,N,A, 4PM,N, ADM,N- There are one / 0 + , 
one f1+, and three p+ functions, and thus sixteen vector 
harmonics occur, corresponding to 2SS,M,N,A, 2PS,M,N,A, 
*PM,N, and *DM,Na'P'7- There are sixteen coupled 
partial differential equations in r, s, and cos3<? for the 
sixteen symmetric scalar functions g in 

^ l / 2 ; l / 2 + = £ gRyll2SLll2+xf/Bnl/2SLl/2+ ^ (50) 

RELATIONSHIP TO PREVIOUS CLASSIFICATIONS 

According to (15) and the discussion preceding, the 
most general mixed scalar is 

(gi cos (p+g2 sin3 ip sin<£, g\ sin <p 

-g2 sm3<p cos<p)= ( / i , / 2 ) , 

where 

and 
fl(—<P) = fl(<p), f2(—<p)=—f2(<p) 

/if H j = gi cosf <p-\ )+g2 sin3<p sinf <p+ 
2TT\ 

3 / 

= (gi cos^?+g2 sin3<p sin<p) cos-
2TT 

— (gi sin ̂ —g2 $in3<p co$<p) sin-
2TT 

2TT 2TT 

= fi(<p) cos f2((p) sin— 
3 3 

jkf <P+— ) = fi(<p) sin—+f2(<p) cos-
2TT 

3 

2TT 

3 ' 

Hence, it is possible to specify the mixed representation 
M(fhf2) as consisting of functions / i and f2 satisfying 
the above restrictions. This halves the "number" of 
mixed representations; it also complicates the ortho-
normality relations and confuses the situation as to the 
number of independent functions. I t has proved useful 
in the past.2 

The results of the present work are the same as those 
given by Clapp3 for the triton. However, the present 
work generalizes these to all three-nucleon states and 
introduces a simplified notation. 

2 G. Derrick and J. M. Blatt, Nucl. Phys. 8, 310 (1958). 
3 R. E. Clapp, Ann. Phys. (N. Y.) 13, 187 (1961). 
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Prediction of p-y d-y and /-Wave Pion-Nucleon Scattering* 
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We develop a peripheral method for predicting ir—N phase shifts up to moderate energies. Precise values 
are given for the p-, d-, and /-wave phase shifts (with the exception of pn) up to 400 MeV, and the general 
behavior up to around 1 BeV is also predicted. The 600- and 900-MeV iC—p resonances are clearly identified 
with the D\% and Fn amplitudes, respectively, and it is probable that the 1.35 BeV ir+—p resonance is in 
F37. The predictions at 310 MeV select the phase shift set spdf I I of Vik and Rugge. The method consists in 
evaluating the dispersion relation for Fi±(s)=fi±(s)/q21 where fi±(s) is the partial-wave amplitude. The 
factor q~21 suppresses the unknown shorter range parts of the T—N interaction. Various means are used to 
avoid the difficulties arising from lack of knowledge of the inelasticity. The symmetries in spin and isospin 
of the dispersion relation calculations of the various interactions are examined, together with equivalent 
model potentials. 

1. INTRODUCTION 

TH E various parts of the pion-nucleon interaction 
have been studied in detail.1 The parts of longest 

range are the long-range Born term (i.e., nucleon ex-

* This work was supported in part by a grant from the European 
Office of Aerospace Research, U. S. Air Force. 

1 J. Hamilton, P. Menotti, G. C. Oades, and L. L. J. Vick, Phys. 

change), and the exchange of a low-energy s-wave pion 
pair. Shorter in range are the crossed physical cut term 
(which is mainly nucleon isobar exchange) and the 
exchange of a p meson. In addition there is a very-short-
range interaction (range < 2 lO-14 cm) about which 

Rev. 128, 1881 (1962) (and earlier papers cited there). This paper 
will be referred to as HMOV. 
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little is known. In the s-wave TT—N state this very-
short-range part is a strong repulsion.2 

The parameters of these various interactions (i.e., 
the coupling constants, etc.) are now fairly well de­
termined1,3 except, of course, for the very-short-range 
interaction. Thus in order to predict pion-nucleon scat­
tering we require a peripheral method in which the 
very-short-range part of the interaction is almost com­
pletely suppressed. A suitable peripheral method can be 
devised by using the properties of q2 where q is the 
momentum of the TT—N system in the center-of-mass 
frame. 

By analytical continuation from the physical region 
we can find the value of q2 on the various left-hand cuts 
which give rise to the interactions we listed above. I t 
turns out that q2 is real and negative on these cuts. The 
magnitude of q2 is small or close to unity on those parts 
of the unphysical cuts which are closest to the physical 
threshold; these parts give the parts of the TT—N inter­
actions with the longest range. As we move further 
away from the physical threshold the magnitude of q2 

increases and becomes large. Such parts of the un­
physical cuts give rise to the shorter range parts of the 
TT—N interaction. 

Instead of setting up a dispersion relation for the 
partial wave amplitude fi{s) itself, we use 

Fl(s) = fl(sWK 

The factor q21 ensures the correct threshold behavior of 
fi(s). In the dispersion relation for Fi(s) the effect of 
the far-away unphysical cuts (and also of the short-
range interactions) is suppressed by the factor q~2\ and, 
the greater is Z, the stronger is the suppression. For p 
waves (1=1) the suppression may not be sufficient 
entirely to remove the unknown very-short-range inter­
action. This difficulty is avoided by using the known 
p-w&ve TT—N scattering lengths4 a2r,2j to make a sub­
traction in the dispersion relation for Fi(s). 

The Input Data 

A prediction of pion-nucleon scattering data should 
start from a position as close to first principles as is 
convenient. In nucleon-nucleon scattering for many 
years the potentials have been taken as a convenient 
starting point, although they are far removed from first 
principles. In the pion-nucleon case we use a rather 
more fundamental starting point. Essentially, we re­
quire the TT—N coupling constant / 2 , the mass and width 
of the (•§,§) isobar iV*, the mass of the p meson and the 
p—N coupling constants Ci, C2, and the helicity ampli­
tude Im f+°(t) which governs the exchange of the T=0 
J=0 pion pair. This last can be looked on as a kind of 
nucleon form factor for emitting the T=0 J=0 TT—TT 

2 J. Hamilton, T. D. Spearman, and W. S. Woolcock, Ann. Phys. 
(N. Y.) 17, 1 (1962). This paper will be referred to as HSW. 

3 A. Donnachie and J. Hamilton, Phys. Rev. 133, B1053 (1964). 
4 See J. Hamilton and W. S. Woolcock, Rev. Mod. Phys. 35, 

737 (1963). 

system (in addition, in the ^-wave case we need the 
scattering lengths a2T,2j). 

This starting point is not first principles.5 Presumably 
first principles would only require f2, the TT—TT pa­
rameter X, and a few subtraction constants. Such a 
starting point is not possible at present, and even if it 
were, it is far from obvious that it would be convenient. 

Solving the Dispersion Relation for Fi(s) 

The difficulty in solving the dispersion relation for 
Fi(s) is that we do not know, and cannot predict the 
inelasticity of the TT—N amplitudes. This has the conse­
quence that for one amplitude6 (Pu) we cannot make 
precise predictions above 200 MeV, and even the 
general nature of this amplitude eludes us above 400 
MeV. 

The remaining amplitudes fall into two categories, 
those for which the interaction is weak and attractive 
or moderately repulsive and those for which the inter­
action is strongly attractive. In Sec. 9(h) we use a 
general method, based on unitarity, which enables us 
to identify the amplitudes in the second category 
(Dn,Fn,Fs7) with known TT—N high energy resonances. 
Now we use the experimental data on these resonances 
to calculate the rescattering in these amplitudes. 

For the amplitudes in the first category we assume 
that in the cases of moderate repulsion the inelasticity 
will be small [the reasons for making this assumption 
are given in Sec. 5(h)] . This enables us to estimate the 
rescattering. Where the interaction is weak, the total 
cross section must be small, and rescattering is 
unimportant. 

The case of Pu is of considerable interest. We sug­
gest that the inelasticity in P u rises steeply above 300 
MeV due to production of an s-wave T = 0 pion pair. 
Pu is discussed in Sec. 7. 

The Results 

In addition to the identification of the higher TT—N 
resonances (up to 1.35 BeV), which has been men­
tioned, we give phase shifts for p, d, and / waves 
(except pn) up to 400 MeV, and also the general be­
havior of these amplitudes up to around 1 BeV. Com­
parison with the experimental results of Vik and 
Rugge7 at 310 MeV clearly singles out their phase-shift 
set spdfTI. Their sets spdfl and spdflll are incon­
sistent with the theoretical predictions. Comparison 
with experiment at lower energies is also satisfactory. 

Contents 

The basis of the peripheral method is given in Sec. 2, 
and in Sec. 3 we examine the input data. The method 

5 There is a redundancy in the input data. The mass and width 
of iV* have been derived from f2 and Im/+°(0. See Ref. 3. 

6 Our notation is P 2 T\2/ , D2T,2.T, etc. for the amplitudes and 
P2T 2J, d2T,2J, etc., for the phase shifts. 

7 O. T. Vik and H. R. Rugge, Phys. Rev. 129, 2311 (1963). 
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of calculating the several left-hand cut contributions is 
discussed in Sec. 4, and in Sec. 5 we consider the solu­
tion of the dispersion relation, and predict the p-, d~, 
and /-wave amplitudes. 

In Sec. 6 the results up to 400 MeV are compared 
with experiment. In Sec. 7 the amplitude P n is dis­
cussed, and in Sec. 8 we indicate the limitations of the 
method and how it breaks down at high energies. In 
Sec. 9 the general nature of the p-, d-, and /-wave 
amplitudes up to around 1 BeV is given, and the 
higher TT—N resonances are identified. 

In Sec. 10 we discuss the systematics of the various 
parts of the pion-nucleon interaction, i.e., how they 
vary with the orbital angular momentum /, with the 
nucleon spin direction, and with the isospin. We also 
examine whether the parts of the interaction can be 
approximated (at low energies) by simple potential 
models. 

2. BASIS OF THE PERIPHERAL METHOD 

Singularities of the Partial Wave Amplitudes 

We consider the TT—N partial wave amplitude fi±(s). 
Here /db indicates partial waves with total angular 
momentum J—l±\ and orbital angular momentum /; 
the variable s is the square of the total energy in the 
c m . system. By definition, for physical values of s, 

cf=4(M2+1)=-23 

/ (±W = [ e x p ( 2 ^ ) - l ] / 2 ^ , (1) 

where q is the momentum in the c m . system, and 5i± 

is the phase shift. The phase shift is real for (M+ju)2 

<s< (M +2/z)2 where M and \x are the nucleon and pion 
masses, respectively. 

The singularities8 of fi±(s) as a function of the com­
plex variables are shown in Fig. 1. The dispersion rela­
tion for fi±(s) is 

1 /•" lmfl±(sf) 

rJ (M+M)2 s — s 

1 f A/,±(*') 
+ — / ds1— , (2) 

I'KIJ (unphysical cuts) S~S 

where Afi±(s') is the discontinuity in fi±(sf) across the 
cut at s'. The contribution to Eq. (2) from the integral 
along the physical cut (M+^)2<s< <*> gives the re-
scattering. The various unphysical cuts give contribu­
tions to Eq. (2) which we can regard as the forces pro­
ducing the w—N scattering. We briefly enumerate 
these unphysical cuts. They are: 

(a) The short Bom cut (M-pL2/M)2<s<M2+2fx2. 
This is produced by the crossed Born term (u— M2)~x, 
and the discontinuity across this cut is determined by 
the 7T—N coupling constant / 2 . 

8 The singularities of partial-wave amplitudes were given by 
S. W. McDowell, Phys. Rev. 116, 774 (1960). For an account of 
the 7T—N case see J. Hamilton and T. D. Spearman, Ann. Phys. 
(N. Y.) 12, 172 (1961); and Ref. (2). 

$=66°, q2=-14 

$=43°, q?a-7 

s=(M+ir 
=59.6 

cf=0 

<f-c 

FIG. 1. The singularities of the partial-wave amplitudes fi±(s) 
in the complex s plane. Values of q2 at various positions on the 
cuts are also shown. 

(h) The crossed physical cut0<s< (M—fx)2. The dis­
continuity across this cut is given by the physical TT—N 
scattering amplitudes, the dominant contributions com­
ing from the TT—N resonances, but in addition near 
(M—ju)2 there is a contribution from low-energy s-wave 
7T—N scattering. 

(c) The circle \s\ =M2—/x2. The discontinuity across 
the circle is given by the absorptive parts I m / ±

/ ( / ) of 
the helicity amplitudes for the channel 7r+7r—> N+N. 
Here / is the angular momentum and t the square of 
the total energy in this channel. By extended unitarity9 

Imf±J(f) is directly related to the absorptive part of 
7T—7T scattering at energy10 t112. We use the notation 
s= (M2—fj2) exp(icj)) for points on the circle. Since the 
values of t which can occur at the angle <j> are 

where11 

^<t<tn 

; m a x = 2 [ ( M 2 + M
2 ) - ( M 2 - V ) cos<£], 

it follows that only low-energy ir—TT scattering can 
contribute to Afi±(s) for small values of |<£|, and the 
higher the TT—TT scattering energy, the higher is the least 
value of | # | involved. For example t— 16/x2 gives a dis­
continuity for |<£|>30°, and ^=48JLI2 gives a discon­
tinuity for |0 |>6O°. 

We have little knowledge of the helicity amplitudes 
Imf±J(t) for />50/x2. Furthermore even if we knew 
them, the methods available at present do not allow us 
to determine Afi±(s) from these amplitudes for \cj)\ 
>66°. For these reasons we shall only evaluate the dis­
continuity Afi±(s) across the circle for 0 < | # | <66°. 

(d) The cut — o o < s < 0 . All the above sources 
(crossed, Born term, crossed TT—N scattering, 7r+7r—> 
N+N channel) contribute to the discontinuity across 
this cut, but it is so far from the physical region that 
we cannot calculate Afi±(s) directly. 

9 S. Mandelstam, Phys. Rev. Letters 4, 84 (1960). 
10 For the notation and a detailed discussion of the calculation 

of the discontinuities across the cuts see HMOV (Ref. 1) and HSW 
(Ref. 2). 

11 See Eq. (29) below. 
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Ranges of the Forces 

In terms of range, the forces between the pion and 
the nucleon arising from the crossed Born cut are of the 
longest range, and those arising from the s~wave W—TT 
interaction (i.e., from the front of the circle) are of 
slightly shorter range. The crossed physical cut and the 
^>-wave 7T-—7T contribution (i.e., the p-meson exchange 
term coming from | 0 | > 4 3 ° ) are comparatively short 
range, especially the latter. The cut along — c o < s < 0 
and the back of the circle (i.e., the portion beyond the 
arc — 66°<0<66°) give the very-short-range part of 
the TT—N interaction. I ts range is less than 1—2X10-14 

cm, and this part of the interaction can only be deter­
mined empirically. 

In addition to the cuts there is a Born pole (s—M2)~l. 
I t only contributes to the isospin T=%, fi-(s) ampli­
tude, and it is of long range. 

The Factor q21 and the Amplitudes Fi±(s) 

The relation between s and q2 is 

s= [ (M 2+g 2 ) 1 / 2+ ( M 2 + ? 2 ) 1 / 2 ] 2 . (3) 

To each value of s there is a unique value12 of q2 which 
is given by 

^ = i { 5 ~ 2 ( M 2 + / x
2 ) + [ ( M 2 - M 2 ) 2 A ] } . (4) 

I t is important to notice the values of q2 on the various 
cuts shown in Fig. 1. On all of the cuts q2 is real. On the 
physical cut q2 increases from 0 at s= (M+fi)2 to oo as 
s-^oo. On the crossed physical cut, q2=Oat s= (M—JJL)2, 
and q2 increases to + co as s moves to 0 along this cut. 
On the short (Born) cut q2^—y2. 

At the point s= (M2—n2) exp(i0) on the circle \s\ 
= M2—fx2, we have 

q* = _ {M2 sin2(0/2)+M2 COS2(tf>/2)} . (5) 

Thus q2=~fx2 at S=M2—IJL2, and as s moves around the 
circle (either way) to — (M2—/z2), q2 decreases steadily 
to —M2. Finally, on the cut — ° ° < s < 0 , as s moves 
from — oo to 0, q2 increases from — °° to — M2 at 
s= — (M2—IJL2), and then decreases to —- °o as s—>0. 
A number of typical values of q2 are shown in Fig. 1. 
Here and throughout we use the units h=n=c=l (unit 
of length = 1.41 X10~13 cm, unit of area=20 mb, unit 

TABLE I. Values of q2 at various positions on the circle s = (M2—JJ?) 
Xexp(i<f>). The table also gives /max, on using /m a x= — 4g2. 

kl 
10° 
20° 
30° 
40° 
43° 

q2 

-1.34 
-2.33 
-3.96 
-6.17 
-6.93 

1*1 
50° 
60° 
66° 
80° 
90° 

q2 

-8.89 
-12.04 
-14.10 
-19.25 
-23.08 

12 Two values of s correspond to each value of q2. Let them be 
Si, s 2 ; t h e n si'S2= (M2—fx2)2. 

of energy = 139.6 MeV), and M2=45.16. In Table I we 
give some values of q2 on the circle \s\ =M2—fj2. 

Now fi±(s)~q21 near the physical threshold s 
= (M-\~ix)2. From Eq. (4) it follows that q~2 is a regular 
function of s except for simple poles at s= (M-\~n)2 and 
s= {M—ix)2. Thus instead of the function fi±(s) we 
can use the function 

Fl±(s) = fl±(sWl. (6) 

At the physical threshold s= ( M + M ) 2 ? the function 
Fi±(s) is bounded and has a simple branch point. At 
the crossed threshold s— (M—ix)2 the function Fi±(s) 
is in general not bounded, and the type of singularity 
there is different from that of fi±(s). However, as we 
shall see below, this causes no difficulty. 

Thus it is possible, in place of Eq. (2) to use the 
dispersion relation 

1 f™ lmFl±(sf) 
Fl±(s) = - dsf 

TJ (M+M) 2 S —S 

2ltlJ (unphysical cuts) S —5 
where 

AFl±(s')=(Afl±(s'))/lq\s')J (8) 

and special care is taken at sf= (M—/x)2. Equation (7) 
has considerable advantages over Eq. (2) on account 
of its improved convergence. We do not know whether 
Eq. (2) requires subtraction, but we shall conjecture 
that one subtraction is sufficient.13 I t follows that Eq. 
(7) does not require a subtraction when l> 1. 

In Sec. 8 below we discuss the limitations which are 
imposed on Eq. (7) by the requirement of unitarity, 
that | ReFi±(s) \ <\/2q2l+l as s - * + oo. 

Suppression of the Very-Short-Range Interactions 

In practice we can use Eq. (7) to give a very useful 
approximation for T—N scattering at low and moderate 
energies. The presence of the factor q~n in AFi±(s) 
[Eq. (8)] suppresses the contribution to the second 
integral in Eq. (7) from those cuts and parts of cuts 
which give rise to the unknown very-short-range inter­
actions (i.e., the back of the circle and the line 
— oo < s < 0 ) , and this suppression is greater the higher 
the partial wave involved. This is because \q2\ is large 
on those cuts and parts of cuts. In addition, the factor 
q~21 is small at high physical energies and any uncer­
tainties due to the high-energy portion of the rescatter-
ing integral are very much reduced. 

For l>2 we calculate the ir—N phase shifts from 
Eq. (7) by ignoring the cut — co<s<0 and the back 
of the circle (| </> | > 66°). This is a peripheral approxima­
tion, because it emphasizes the unphysical cuts for 

13 R. Omnes, University of California Radiation Laboratory Re­
port No. UCRL 11008, 1963 (unpublished), suggests on the basis 
of Regge behavior that no subtraction is required in Eq. (2). 



p-, d-, A N D / - W A V E P I O N - N U C L E O N S C A T T E R I N G B519 

which \q2\ is small, i.e., the cuts which are nearest the 
physical threshold s = (M+fx)2, and therefore corre­
spond to the interactions of longest range. It will be 
seen below that, for given I, our approximation is best 
for low-energy T—N phase shifts, and it is expected to 
break down at high energies. 

P-Wave Case 

For 1=1 (p waves) the suppression of the very-short-
range interactions in the second integral in Eq. (7) is 
not so great, and if these interactions are strong they 
may have some effect on the ^>-wave T—N phase shifts, 
even at low energy. We avoid this difficulty in the p-
wave case by using the known ^-wave T—N scattering 
lengths to estimate the contribution to the second inte­
gral in Eq. (7) from the far-away unphysical cuts. This 
is, of course, equivalent to making a subtraction in 
Eq. (7). 

The Impact Parameter 

The concept of the impact parameter can be used to 
give a rough idea of the energy region for which it is a 
good approximation to ignore the very-short-range in­
teractions. The impact parameter R (cf. Fig. 2) is 
defined by 

R2=1(1+1)/q2, (9) 

where I is the orbital angular momentum and q the 

TT 
•s >» • 

FIG. 2. The impact pa- H t 
rameter R. I™ 

N 

momentum in the cm. system. The impact parameter 
so defined can only be used in a simple classical picture 
such as Fig. 2 provided we do not violate the uncer­
tainty principle. We have an uncertainty Aq in the 
transverse component of the pion's momentum which 
is given by Aq> 1/R. Thus we only use the picture for 
/ > 2 ; these are in fact the cases in which we are 
interested. 

Suppose now that we require the impact parameter 
to be greater than 1 unit =1.4 10~13 cm; then for d 
waves and / waves the maximum values of q are 2.45 
and 3.46, respectively; these correspond to lab pion 
(kinetic) energies 380 and 675 MeV, respectively. A 
rough estimate shows that the range of the short-range 
interactions which are neglected in our peripheral ap­
proximation is 1/7 or less. Thus even if these inter­
actions are very strong it is reasonable to assume that 
our approximation will be good if R>1. If we take 
R>0.75 the corresponding pion lab energies are 610 
MeV for d waves and 1.1 BeV for / waves. 

3. INPUT DATA REQUIRED FOR THE 
UNPHYSICAL CUT TERMS 

The input data needed to determine the discontinui­
ties AFi±(s) across (a) the short Born cut (M—fjp/M)2 

TABLE II . Values of q2 on the line 0<s< (M-fx)2. 

(M-v)2 

s =32.7 

q2 0 

30 

0.67 

25 

2.67 

20 

6.30 

15 

13.17 

10 

28.17 

<s<M2+2n2, (b) the crossed physical cut 0<s 
<(M—fi)2, (c) the arc |</>|<66° of the circle, are as 
follows. 

The Crossed Born Term 

Here we only need the value of the T— N coupling 
constant14 /2=0.081=1=0.002. 

The Crossed Physical Cut 

The values of q2 at several points on the line 0<s 
< (M—y)2 are given in Table II. The (•§,§) resonance 
contribution to AFi±(s) across 0<s<(M—fj)2 is im­
portant between15 sc^30 and s~19. The 600 MeV 
T~—p resonance only contributes for s<21, and the 
900 MeV TT—p resonance for even lower values of s. 
Using Table II we expect that, for />2, the contribu­
tions from the 600 MeV, 900 MeV and higher energy 
T—N resonances to AFi±(s) will be strongly suppressed 
by the factor q~21. Detailed calculations verify that this 
is true, and they also show that even in the ^-wave 
case (1=1) we can safely ignore the 600 MeV and 
higher T—N resonances. 

For />2 the factor q~21 enhances the importance of 
the contributions to the cut in the region between s 
= (M—/x)2 and sc^.29. This involves s-wave T—N 
scattering at energies up to around 150 MeV. This 
s-wave T—N scattering data is well known.16 The 
s-wave T—N effect is only relatively important for 
l>3. Thus the input data for the cut 0<s<(M-fi)2 

are the position and width of the (§,§) resonance N*} 

and the s-wave T—N data up to around 150 MeV. We 
could ignore the s-wave T—N term without causing any 
appreciable error in the results of this paper. 

The Front of the Circle; T = 0 Term 

Evaluation of AFi±(s) on the arc|<£|<66° of the 
circle^ requires the amplitudes Imf±J(t) for 7r+7r—> 
N+N with 4</<56. In this channel isospin T=0 
occurs with even values of / . Oades17 has shown that 
7T—7r scattering in the T=0J=2 state is not strong 
at these energies. Thus in the T=0 case we only con­
sider s-wave 7T—7r scattering, and we take over the 
results of HMOV1 who determine the low-energy T=0 

14 W. S. Woolcock, in Proceedings of the Aix-en-Provence^Inter­
national Conference on Elementary Particles (Centre d'Etudes 
Nucleaires, Saclay, Seine et Oise, 1961), Vol. I, p. 459; J. Hamilton 
and W. S. Woolcock, Rev. Mod. Phys. 35, 737 (1963). 

15 See Table IV of HSW (Ref. 2). 
16 J. Hamilton and W. S. Woolcock, Phys. Rev. 118, 291 (1960); 

see also Ref. 4. 
17 G. C. Oades, Phys. Rev. 132, 1277 (1963). 
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1 2 3 
Pion cm. momentum (units tu/j=c=1) 

FIG. 3. The values of the T = 0 7 = 0 TT-TT phase shift 80° 
which are used to give Im/+°(/). 

/ = 0 7T—ir scattering amplitude from low-energy s-wave 
7T—N scattering data. Their method was to fit the 
effect of the conjectured T = 0 / = 0 7r~7r scattering 
amplitude to the experimental values of the s-wave 
TT~N partial amplitude /o+(s) on the low-energy part 
of the physical cut s> (M+/JL)2 and on the right-hand 
part of the cut 0<s< (M—jit)2. In this way they obtain 
a good determination of the r = 0 / = 0 7 r — - K contribu­
tion to the front of the circle. 

We use their best fit, i.e., pole approximation, solu­
tion 1. The form of the phase shift 50° is shown in Fig. 3. 
The 7T—7r scattering length is ao= 1.3. This gives the 
absorptive part of the helicity amplitude Im/+°(2) 
shown in Fig. 4. These values of Im/+°(2) are the input 
data. The error18 on this input data is estimated to be 
± 1 0 % . 3 

The Front of the Circle: T= 1 Term 

HMOV1 show that the T=l -K—T contribution from 
the front of the circle (\<j>\ <66°) to low-energy s-wave 
ir~N scattering can be explained by the T=lJ~lir—7r 
resonance (p). Using the narrow-resonance approxima­
tion the relevant helicity amplitudes Irn/^OO are given 
by 8 functions. The absorptive parts of the invariant 
ir~ N amplitudes A^ and -B(_) are then given by19 

ImA^(sJt) = i2C2(s+^R~M2-lj
2)d(t-tR), 

ImB (-) (s,t) = - 1 2 (Ci+ 2MC2)8 (t~ tR). 
(10) 

Here tR=m2 where mp is the mass of p, and Ch C2 are 

FIG. 4. The input data 
Im/+°(0 for_the T = 0 
7r+7r —» iV+JV channel. 
Natural units to h=ju = c 
= 1 are used. 

18 The fact that the values of Im/+°(0 may be fairly inaccurate 
for />30 is not important, because of the factor q~21 (cf. Table I). 

19 See Eq. (44) of HSW (Ref. 2). 

the p—N coupling constants. These are our input data. 
We use tR=2S (i.e., m p=740 MeV). The gyromagnetic 
ratio of the nucleon gives2 C2/Ci = 0.27. Fitting ac­
curately to the low-energy s-wave ir—N scattering data, 
Donnachie and Hamilton3'20 get C i = - 0 . 9 5 ± 0 . 1 . This 
value is in agreement with HMOV.1 

Summary 

The input data for the w—N peripheral approxima­
tion are a fundamental constant f2, certain constants 
which are not fundamental (the mass and width of 
N*, mp, Ch C2), and the function Im/+°(*). This func­
tion is closely related to the form factor of the nucleon 
for emitting a scalar T = 0 particle. In addition, if we 
are to get really accurate results for / > 3 , we need the 
s-wave 7T—N phase shifts up to about 150 MeV [for 
thecutO<s<(M~fj)2J 

In the ̂ >-wave case (1= 1) it is also necessary to know 
the ^-wave ir—N scattering lengths a2T,2j in order to 
determine the very-short-range interaction. 

4. CALCULATION OF THE UNPHYSICAL CUT TERMS 

(i) The Born Term 

The TT—N partial wave amplitude Fi±(s) is given by 
the expression8 

1 rl 

Fl±(s)= dx{fj>i(x)+fj>i±1(x)}, (11) 
2q2lJ„1 

where 

(W+M)2-tx2 

/ i = {A(s,t)+(W-M)B(s,t)} , (12a) 

/ .=-

16TTS 

{W-M)2-IX2 

\6TTS 

{-A(s,t)+(W+M)B(s,t)}. (12b) 

A(s,t) and B(s,t) are the invariant TT—N scattering 
amplitudes, and W=s112. We use superscripts to denote 
the charge state, i.e., we have A(T\ BiT), etc., where 
r = | , f is the isospin of the TT—N state. The basic vari­
ables are 

s= Z(M2+q2y/2+ (n2+q2)ll2J, 

t=-2q2(l-cos6), (13) 

u=2M2+2fJ
2-s-t, 

where q and 6 are the momentum and scattering angle 
for 7r-\-N —> 7T+7V in the c m . system. 

The Born terms occur in B(T); they are: 

(14) 
- [ 3 G r

2 / ( s - M 2 ) ] ~ [G2/(u-M2)] in B ^ , 

2G2/(u-M2) in B^2K 

The coupling constant f2(=0.081) is related to G2 by 
20 In the s-wave ir—N case, the T= 1 TT—TT effect from \<f>\ >66° 

could be important. This was represented by an arbitrary short-
range pole. Thus the value G = —0.95 gives the correct T— 1 ir—ir 
contribution from the front of the circle (\<j>\ <66°) in the s-wave 
TT—N case. 

file:///6tts
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p= (GrUi/2M)/47r, so Gr
2/4:7r= 14.4. From Eq. (11) it is 

seen that the Born pole (s~ M2)~l only occurs in the 
partial wave Fi_ ( 1 / 2 ) . 

The Long-Range Part of the Crossed Bom Term 

For #=cos0 in the interval — 1 < # < 1 the term 
(u—M2)~x gives a pole at s=s(x) where 

s{x)^M2+2^+2q2(\-x), 

Using Eq. (4), this equation becomes 

(l+x)(s(x))2-2s(x)Z%M2+n2(l+x)1 
-(l-x)(M2-ix2)2=0. (15) 

Let the roots of Eq. (15) be si(x) and s2(x). As x varies 
from —1 to + 1 , si(x) moves along the real axis from 
(M—fi2/M)2 to Af2+2/x2, and s2(x) moves along the 
real axis from — °° to 0. 

By Eqs. (13), 

l/(u-M*)=-2s/(l+x)(s-Si(x))(s-s2(x)). (16) 

We only use the pole \j—siffiJr1', this corresponds to 
the Feynman graph Fig. 5(i), in which the intermediate 
state is (N+2w). The other pole [s-s2(x)~]~1 corre­
sponds to the Feynman graph_Fig. 5(ii), where the 
intermediate state is (N+N+N); this gives a very-
short-range interaction, and as it is suppressed strongly 
by the factor q~21 we ignore it, in accord with the 
general idea of the peripheral approximation. (For p 
waves this very-short-range part of the Born term may 
give a small effect, but it will be absorbed in the simple 
pole we use to represent the very-short-range inter­
action in the ^-wave case.) 

Ignoring the pole {_s—s2(x)~]~1 is equivalent to re­
placing Eq. (16) by 

-2s 1 
(16a) 

u-M2 (l+x)(s1(x)-s2(x)) (s-sx(x)) 

From Eq. (15) we deduce 

Ul+x)lsi(x)-s2(x)^M2(l+t3y?2, (17a) 

where 

/ 3 = 2 ( 1 + * ) T , y=(v2/M2)(2x-l)+(^/M*). (17b) 

I t is convenient to write 

T - a / M 2 . (17c) 

Expansion in powers of 1/M2 

Substituting Eqs. (16a) or (17) in Eqs. (11) and (12), 
gives 

FI±<8'2>(*) = -
G2 dx 

16irM2J-i (l+i3)ll2qi21 

X{Pi(x)C++Pi±i(x)C-}- (18) 

FIG. 5. Feynman 
graphs corresponding 
to (i) the long range 
part, and (ii) the 
very-short-range part 
of the crossed Born 
term (u-M2)-1. 

-Pion 
-Nucleon 

<i) (ii) 

where 
C±= (W1±:M)(s1-M

2)-fJ
2(Wi=FM). 

Here si is written for Si(x), and Wi, qi2 are the corre­
sponding values of W and q2. Expanding Eq. (4) about 
s=M2—fx2 in a Taylor series gives 

Similarly, 

1 

i c?i-ip+M2)2 i (si-M2+v?y 

4 M2-ix2 4 {M2-ix2)2 

1 si-M2 (s!-M2)2 

si- s-M2 {s-M2)2 (s-M2)z 

(19a) 

(19b) 

Let us evaluate Eq. (18) to the lowest order in 
fa/M)2 (and put M =l ) . Then s1-M

2=2x+0(M-2), 
W^Mil+ix/iPft+OiM-*), g i 2 = - l + 0 ( l f - 2 ) , etc., 
and we get 

M2-s L dx{2xPi(x)-Pi±i(x)}. (20) 

This term is only nonzero for / = 1 (p waves). The next 
order in (1/M2) gives terms of the types 

(f/M)[_l/(s-M2)2 and Mf2/(s-M2)2. 

The coefficient of the first term is only nonzero for 
/ = 0 , 1 , 2, and the coefficient of the second term is only 
nonzero for / = 0 , 2. 

A careful calculation along these lines shows that the 
long-range Born-term contribution to Fi±^l2)(s) is of 
the form 

v f l , w = E - r> (21) 
*-i (s-M2Y 

where the order of the coefficients CVp) is given in 
Table III.21 

TABLE III. The order of magnitude of the coefficients C^ 
(p = l,2,3), in the expression (21) for the long-range Born 
term. 

l = 0(S) 

l=4(G) 

a See Ref. 21. 

c<» 
P/M 
PM 
P/M 
P/M3 

P/M* 

C(2) 

PM 
P/M 
PM 
P/M 
P/M* 

C<3> 

P/M 
PM 
P/M 
PM 
P/M* 

si-
[ Cs(8) is of order P/M3, and CV3) decreases for Z>5. 
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Comments. The minimum value of (s—M2) on the 
physical cut is 2M+1 = 14.4, and the series (21) converges 
quickly, even at threshold. The reason why Ci(p) (for 
fixed p) ultimately decreases rapidly as I increases, is 
that for I large, Pi(x) and Pi±i(x) oscillate rapidly on 
the cut (M— l/M)2<s<M2+2, whereas the other fac­
tors in the integrand in Eq. (18) are slowly varying 
functions of x. 

The crossed Born term for isospin T=\ is, according 
to relations (14), obtained by multiplying the T=% 
values by (—J). The results of numerical evaluation 
of the long-range Born term for p waves are shown in 
Figs. 7-10, for d waves in Figs. 11-14 and for / waves 
in Figs. 15-18. 

(ii) The Crossed Physical Cut Term 

In evaluating that part of the second integral in 
Eq. (7) which comes from the cut 0<s< (M—/x)2, it is 
important to examine the behavior of Fi±(s) near the 
crossed threshold s = (M—(JL)2. We shall write Si 
E=(M—/x)2. HMOV1 show that in the p-w&ve case, 
crossing implies that 

TmF1±{s+iO)= ^ +Q((si-sy2) (22) 
(si-s)112 

as s approaches Si along the cut. The constants a± 

depend on the s-wave ir—N scattering lengths. Substi­
tuting Eq. (22) in the dispersion relation (7) gives rise 
to no trouble. 

However it is easy to see that in the d-wave case 

ImF2±(s+iO) = 
*± 

(Sl-syi2 (s1-s) 1/2 
-Oi^-syi2) (23) 

as s approaches s± along the cut. The constants a± are 
related to the s-wave ir— N scattering lengths, while 
b± depend on the behavior of the TT—NS waves near 
the physical threshold. The term in Eq. (23) which 
contains (si—s)~zl2 gives rise to a divergence in the 
integral 

ds'. 
ro s'—s 

1 rs 

IT J 0 

This divergence is easily removed. In Fig. 6 we show 
the path of integration around the cut 0<s<Si. The 
corresponding contribution to Eq. (7) is 

1 r^-rnmF2±(s') 

-i 
IT J 0 

2iriJ cr s'~ 

(sf) 
ds', (24) 

S —S L'KlJ Cr S'—S 

where r is a small real number and Cr is the small 

Circle of radius r v.. 
SrrHtf -s=(M-ir 

FIG. 6. The path of 
integration around the 
crossed physical cut 0 <0 
< ( M - 1 ) 2 . 

circle of radius r centered on s\. I t follows from Eq. (23) 
that near Si 

^2±W = 
a±' 

+0((s-s1yi2). (25) 
Cy-sO3 '2 (s-Si)1!2 

Substituting (25) in the second integral in (24) gives 

1 r F2±(s') 2a±' 1 
— / ds'= +0 ( r 1 ' 2 ) . (26a) 

2wiJ cr s'—s irrl,2Si—s 

Substituting Eq. (23) in the first integral in (24) gives 

1 r^^ lmF2±(s') 

TTJo s'—s 

-ds' 

2a±' 1 
: (finite terms)H \-0{rl>2), (26b) 

where the "finite terms" are independent of r. Adding 
Eqs. (26a) and (26b) and letting r —•> 0 gives a finite 
value for expression (24). 

In the same way it is easy to see that a term of the 
form a±"/(s—si)512, which appears in Fz±(s) near si, 
will not give rise to a divergence in Eq. (7). 

In practice the integration is done analytically around 
Cr and along the cut to some value s<si—r. The re­
mainder is done numerically. The value of s is chosen 
between 31.5 and 32.4 according to the partial wave in 
question. The total contribution of the circle Cr and 
the cut s<s<Si— r turns out to be small. (In the 
/-wave case we require the ^-wave w— N scattering 
lengths as well as the low-energy s-wave IT—N data 
for this part of the integration.) 

The contributions to Fi±(s) from the cut ( X s 
< (M—fj)2 are shown in Figs. 7-18. For 1=1 (p waves) 
the s-wave ir— N effect is negligible. For 1=2 (d waves) 
the s~wave TT—N effect is at most 25% of the Â * 

200 

• 90__ , , "fOO S 

400 MeV 

-14 / 
/ 

2 0 ^ 

/ 
— Born term 

Crossed cut (N*) 

- i - i - i - T=oTT-1T 
-x-x-x- T = 1TT-Tr 

FIG. 7. Contributions to the Pn amplitude Rei?i_(1/2)(s) from 
the long-range Born term, the crossed physical cut and the T = 0 
and T— 1 T—TT exchange terms. 
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effect. For 1=3 (f waves) and s wave and N* effects are 
comparable, but both are small. 

(iii) The T = 0 « - « Term 

The invariant amplitudes A^T\B^T) for isospin T 
in the channel TT+N—^T+N are related to the ( + ) 
and (—) amplitudes by 

A^l2) = Ai+)—A(~), j5(3/2) = ^(+) —j5(-) t 

Using Eq. (11), we get similar relations between Fi±
 m (s) 

The ( + ) and (—) amplitudes have discontinuities 
on the circle \s\ = M2—y? which are given by_the ab­
sorptive part of the amplitude for w+ir —> N+N in the 
T = 0 and T = l states respectively; their contribution 
to the ir—N interaction is of the type shown in Fig. 19. 
We saw in Sec. 3 above that in the T=0 case we need 
only consider the T = 0 J=0 amplitude f+°(t). The dis­
continuity across the circle is then given by 

lmA™(s,t) = 
4TT 

Im/+°(0, 
M2-(//4) / > V 

(28) 

ImB™(s,t) = 0. 

The value of q2 on the circle is shown in Eq. (5) and 
Table I. By Eq. (13) the values of t which contribute 
at the position s= (M2—^2) exp(i$) on the circle are 

V<*<*ma*, 

= 4{M 2 s in 2 ( i0)+M 2 cos 2 (^)} . 
(29) 

Using Eq. (5) the values of £max can be read off Table I. 
By Eq. (28) ImA(+) is a function of / only. The dis-

'ZJjCTx'lZx.^.i-ioo s 
lEo MeV 

Total Left Hand Cut 

FIG. 8. Contributions to the Pu amplitude ReFi+<1/2>C?)from 
the various left-hand cuts (excluding the core). The notation is 
the same as in Fig. 7. The solid line gives the total contribution 
from these cuts. 

N. \ , 

ido 200 
100 S 

400 MeV 

FIG. 9. Contributions to the P3i amplitude ReFi_(3/2) (s) from 
the various left-hand cuts (excluding the core). The notation is 
the same as in Fig. 7. The solid line gives the total contribution 
from these cuts. 

continuity AFi±
(+) (s) at positon,? on the circle is [using 

Eqs. (11) and (12)] given by 

1 1 
-AJV+>(*) = 
2i 32Tsq2l(s) 

•zaw+My-^Giis) 

where Gi(s) 

I r~ 4<z2(s) 

-{(W-M)2-»2}Gl±l(s)-], (30a) 

t 

2q2{s)J^ 

r.l-{2/[-fl2(*)]J 

dtImA^(t)Pi[ 1 
V 2Q2(S)J 

dxImA^(t=-2q2(s)(l-x))Pi(x). 

(30b) 

Using Eq. (28) and the values of Im/+°(/) shown in 
Fig. 4 the T= 0 TT—TT contribution to the second integral 
in Eq. (7) is computed. The results are shown in Figs. 
7-18. 

10X102 

5 

\ 
\ 

\ 

^ • ^ » . 

"̂""̂' *—*«_ 

?0-x x xZQ v 80 ~ ~ ~ ' 9 p ~ " ' =Pqc 
100 200 300 400 MeV 

FIG. 10. Contributions to the P3Z amplitude ReFi+<8/2>($) from 
the various left-hand cuts (excluding the core). The crossed 
physical cut (N*) term is too small to show. The notation is the 
same as in Fig. 7. 
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Born Term 
Crossed cut (N ) 

J _,-,_, T= OTT-TT 
-x-x-x- T=1 TT-TT 

FIG. 11. Contributions to the Du amplitude ReF2_<1/2) (s) 
from the various left-hand cuts. 

-2h 

FIG. 12. Contributions to the Dm amplitude ReF2J
m) (s) from 

the various left-hand cuts (notation as in Fig. 11). The solid line 
shows their sum. 

For the reasons stated in Sec. 2 the calculation is 
restricted to the arc of the circle | # | <66° . This cutoff 
at \<j>\ =66° has a very small effect on our calculations 
in the T=0 case for l> 1, because of the factor Q?2(V)]"~Z. 

(iv) The T = l *-fle Term 

The discontinuity of the invariant amplitudes across 
the circle is given in terms of the parameters of the 
T= 1 / = 1 7T—7r isobar p by Eqs. (10).22 Substituting in 
Eqs. (11) and (12) the discontinuity AF^^is) on the 

22 Using the narrow resonance approximation [Eq. (10)] for 
the p-exchange term can lead to errors when I is large, because the 
factor q~21 then enhances the effect of low-energy ir—ir scattering 
in the T = l / = 1 state. Estimates show that this effect only 
begins to appear for / = 3, and even then it alters our /-wave pre­
dictions slightly at low energies only. 

arc 0 < | 0 | <66° is calculated, and the contribution to 
the second integral in Eq. (7) is found. The results are 
shown in Figs. 7-18. 

Because fo=28, AFt±^(s) is zero for |<£|<43°. In 
the present case 

* = l - / * / ( - 2 g » ( s ) ) , (31) 

so x increases from —1 at \<f>\ =43° to 0 at \<t>\ =66° 
(cf. Table I) . Thus half of the integration over x in 
Eq. (11) is missing because of the cutoff at \<j>\ =66° . 

I t might be thought that the results would be strongly 
dependent on this cutoff, but for l>2 that is not the 

FIG. 14. Contribution to the A s amplitude Re^2+-(3/2) (s) from 
the various left-hand cuts (notation as in Fig. 11). The solid line 
shows their sum. 

Total Left Hand Cut 

FIG. 13. Contributions to the Du amplitude ReF2J
m)(s) from 

the various left-hand cuts (notation as in Fig. 11). The solid 
line shows their sum. 
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case. The reason is in part the factor (q2(s))~l, and in 
part the form of AFi±^(s). If we write the T= 1 / = 1 
7T—7r (p) contribution to the second integral in Eq. (7) 
in the form 

' Kl±{s')d<j>' 

-66° wms's) 
where s'= (M2—p?) exp(i<£'), it turns out that for231=2 
or 3, | j£jy_(s') | does not change much as | 0 ' | increases 
from 43° or 66°. We estimate (using Table I.) that if 
this behavior continued as |<£'| increased above 66°, 
the error introduced into the p contribution to Fi±(s) 
by cutting off at 66° is no more than 10% for 1= 2, and 

Born Term 
Crossed cut 

-,__,__ T=o rr-rr 
L - x - x - T = 1 TT-TT 

K, 

\ 
-V_ 

=••—70-wr-. =_r : : _-j 

K 
v \ 

- 9 0 - 100 S 
300 400 M e V 

FIG. 15. Contributions to the Fn amplitude ReF3_(1/2)0) 
from the various left-hand cuts. 

IQQ S 

400 M e V 

Total Left 
Hqnd Cut 

FIG. 16. Contributions to the F17 amplitude ReF3+(1/2) (s) from 
the various left-hand cuts (notation as in Fig. 15). The solid line 
shows their sum. 

____._!*£ MeV 

FIG. 17. Contribution to the F35 amplitude ReF3_(3/2)0>) from 
the various left-hand cuts (notation as in Fig. 15). The solid line 
shows their sum. 

23 For Z>4, the factor (q2(s'))~l is sufficient to make the cutoff 
quite unimportant. 

100 S 

400 M e V 

FIG. 18. Contribution to the F37 amplitude ReF3+<
3/2> (s) from 

the various left-hand cuts (notation as in Fig. 15). The solid line 
shows their sum. 

much less for 1=3. In fact, this overestimates the error 
in the J-wave case, since it can readily be seen that 
cancellations will occur in K2±(s') for | 0 ' | > 6 6 ° . In­
cluding the error in the p—N coupling constant Ci, we 
estimate the error in the p contribution to Fi±(s) to 
be around ± 1 0 % . 

In the ^-wave case (1=1) the cutoff could be more 
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>x / FIG. 19. The T==0 
"QT 7T—7r interaction arises 
jj^^Tso.Jso* entity exchanged from the exchange be­
ll tween the pion and the 

/&>>. nucleon of a low-energy 
>»< r = 0/=0 7r-xpair. 

important.24 However this introduces no difficulty in 
the method we use here. Any contribution from the p 
term arising from |0 7 | >66° is part of the very short 
range interaction which we determine by using the 
p-w&ve T—N scattering lengths. 

5. PHASE-SHIFT PREDICTIONS UP TO 400 MEV 

(i) General Method 

We have now seen how to make good estimates of 
all the left-hand cut contributions to Eq. (7) for l>\. 
If we know that the amplitude in question is elastic, 
our problem is solved. We can determine the solution 
of Eq. (7) by using unitarity to give the value of the 
rescattering integral. (In practice an iteration or a 
variation method can be used to do this.) However it 
is well known that some of the ir—N amplitudes are 
inelastic at moderate energies, and further, that there 
is at present no reliable and accurate method for pre­
dicting the inelasticity. In such cases we cannot solve 
Eq. (7) exactly. 

There is a general property of the rescattering term 
which is very important. When the real part of the 
phase shift is negative any increase in the rescattering 
will decrease the magnitude of the phase shift, and that 
in turn tends to decrease the rescattering. When the 
real part of the phase shift is positive, increased re­
scattering increases the phase shift, and that in turn 
tends to increase the rescattering still further. Therefore 
we expect that any increase in the rescattering will have 
a much more noticeable effect when the interaction is 
attractive (i.e., positive) than when it is repulsive. 

If, for any partial wave, the interaction between the 
pion and the nucleon is weak, we would expect the 
(complex) phase shift 8i±(s) to be small. If that is so, 
the rescattering term in Eq. (7) will be small, and we 
can find an approximate solution of Eq. (7). First, we 
give a measure for the interaction. The phase shift is 
given by 

$m(28l±^) = 2qWFl±^(s). (32) 

Now let F'l^is) be the total left-hand cut contribu­
tion (including any residual very-short-range term if 
that is necessary). We define the left-hand-cut contri­
bution to be small or large according as qn+l j F'i±

iT) (s) \ 
< 0 . 1 , or > 0 . 1 , respectively. Equation (32) shows the 
significance of this definition. 

24 See Sec. 7(iv) below for a discussion of the very-short-range 
terms when 1=1. 

Classification af the Amplitudes 

Almost all the amplitudes Fi±^T) (s) ( l < / < 3 ) fall into 
two distinct classes: 

(a) Amplitudes for which Fri±
{T){s), at all energies 

up to 800 MeV-1 BeV is either repulsive (i.e., negative) 
and not very large, or is attractive (i.e., positive) and 
small. We shall see that the rescattering term in Eq. 
(7) gives only a small contribution to these amplitudes. 
Also, it can be estimated easily. 

(b) Amplitudes for which Ffi±iT) (s) is attractive and 
large at some energy below 1 BeV. Our calculations 
(cf. Figs. 7-18) show that P33, £>i3, FIB are in this class. 
The case of P33 is well known, and it is discussed in 
Sec. 5 below. In Sec. 9 we shall show that there must be 
resonances in Dn and Fu at energies which are some­
what below 800 and 1100 MeV, respectively. Our pro­
cedure for determining the phase shifts dn and fn up 
to 400 MeV is to identify the resonances in these 
amplitudes with the known ir~—p resonances at 600 
and 900 MeV, respectively. Using the experimental data 
on the position, width, and inelasticity of these reso­
nances we can evaluate the rescattering integral in 
Eq. (7) with reasonable accuracy in the range 0-400 
MeV. 

The amplitude Pn is in the awkward transition re­
gion between classes (a) and (b). In this case Eq. (7) 
cannot be solved without detailed knowledge of the 
inelasticity from 300 MeV upwards. We discuss Pn in 
Sec. 7 below. 

We first discuss the d and / waves because in the 
range 0-600 MeV, and probably up to higher energies, 
any residual short-range interaction is unimportant for 
l>2. Thus the total left-hand-cut contributions are 
known (cf. Figs. 11-18). 

(ii) D and F Waves in Class (a) up to 400 MeV 

The calculated left-hand-cut contributions up to 1 
BeV (cf. Figs. 12T~14 and 16-18 for the values up to 

TABLE IV. Values of q and q21, where q is the momentum in the 
cm. 7T—N system. The units are -h=fx = c — l. 

Pion lab 
energy 
(MeV) 

50 
100 
150 
200 

250 
300 
350 
400 

500 
600 
800 

1000 

s 

64.41 
69.22 
74.02 
78.83 

83.64 
88.45 
93.25 
98.06 

107.68 
117.29 
136.52 
155.75 

Q 

0.769 
1.126 
1.419 
1.678 

1.914 
2.133 
2.338 
2.533 

2.894 
3.227 
3.826 
4.360 

q2 

0.59 
1.27 
2.01 
2.81 

3.66 
4.55 
5.46 
6.42 

8.37 
10.4 
14.6 
19.0 

<74 

0.35 
1.61 
4.05 
7.93 

13.4 
20.7 
29.6 
41.2 

70.1 
1.08 X102 

2.14X102 

3.61 X102 

tf 
0.21 
2.04 
8.17 

22.1 

49.1 
94.2 

1.63X10* 
2.64X102 

5.87X102 

1.18X103 

3.13X103 

6.87X103 
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400 MeV) show that the amplitudes Du, D33, £35 and 
^17, ̂ 35, ̂ 37 are in class (a) of the preceding section. 
We shall ignore rescattering in these cases. This will be 
justified below. The phase shifts are given by Eq. (32) 
where Fi±{T)(s) is now given by the second integral in 
Eq. (7). Values of q21 for some physical energies are ^ 
shown in Table IV. The predicted phase shifts dn, d33, d35 

are shown in Fig. 20, and fn, /35, 3̂7 in Fig. 21. The 
estimated errors in our calculations (due to uncer­
tainties in the input data) are also shown. 

Justification for Ignoring Rescattering for 
Class (a) d and f Waves 

The rescattering integral in Eq. (7) is 

1 r 

IT J ( 

ImF I ±( /) 
4s' 

W+v-V 

1 f 
T J ( 

S —S 

{l-e -2/S*±(s') cos(2a;±0'))} 
4s', (33) 

<*+„>. 2(q(s')r+Ks's) 

where 8i±(s) = ai±(s)+i(3i±(s), and ai±,/3i± are real. It 
should be noted that here again the factor q~~21 is a great 
advantage as it reduces considerably the effect of any un­
certainties about the high-energy behavior of ImFy-(s). 

We shall assume that a moderate repulsive inter­
action can only give a small amount of inelasticity. In 
the repulsive case the pion is kept away from the inner 
regions of the nucleon where inelastic processes are 
really important. (A further fact in our favor is that 
errors in the rescattering are not nearly so important 
in the repulsive case as are similar errors in the at­
tractive case.25) If the interaction is very weak, then 

400 M e V 

igos 

460 M e V 

ipoS 
400 M e V 

FIG. 20. Predicted values of the phase shifts dn, ^33, ^35. As 
explained in the text, rescattering can be ignored up to 400 MeV. 
The errors shown arise from the errors in the input data. 

-0.2 

g-o.4 
g-0.6 

S-0.8 

3L- 100 S 
^00 M e V 

26 See the remarks in the second paragraph of Sec. 5(i). 

100 S 
400 M e V 

FIG. 21. Predicted values of the phase shifts fn, /35, fa. Re­
scattering can be ignored up to 400 MeV. The errors shown arise 
from the errors in the input data. 

the total cross section must be small and rescattering 
is negligible. 

More precisely, we assume for Dz% and Z>35 that 
rji±^exp(— 2Pi±) obeys 7?z±>0.95 up to around 550 
MeV. (That is, the inelastic cross section does not 
exceed •£$ of its maximum possible value, which occurs 
for 77 —> 0.) Now using the total left-hand cut con­
tribution F'i±(T)(s) we can estimate the rescattering 
integral (33). It turns out that the rescattering term in 
£33 and £>35 is negligible at 400 MeV. At 300 MeV and 
lower energies the situation is even more favorable. 

The interaction in the case of Dn is a very weak 
attraction in the range from 300 MeV to around 500 
MeV (<fl+1\F'i+W(s)\ <10-2) and at higher energies it 
becomes a weak repulsion [cf. Sec. 9(i)]. Rescattering 
is certainly negligible up to 400 MeV. 
§f Appreciable inelasticity may occur in these ampli­
tudes at higher energies (i.e., above 550 MeV). Because 
of (a) the smallness of the left-hand cut terms, (b) and 
factors g-<2Z+1> and (/—s)~l in Eq. (33), this will not 
have any noticeable effect on the rescattering and 
hence the phase shifts at 400 MeV. 

In the same way we find that we can neglect the re­
scattering in Fn, F35, and F37 up to 400 MeV. It is also 
easy to see that a resonance in F& at 1.35 BeV [cf. 
Sec. 9(ii) below] will only give a very small rescattering 
contribution up to 400 MeV. 

(iii) The dn and fn Phases up to 400 MeV 

The method of evaluating the rescattering integral 
in these cases was discussed under case (b) in Sec. 5 (i) 
above. In Fig. 22 we show the rescattering contribu-
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_ + _ + _ Total Left Hand Cuts 
Rescattering (Elastic) 

_.x.-.x. Rescattering (Inelastic) 
Total Amplitude 

60 70 80 90 100 S 

100 200 300 400 M e V 

FIG. 22. The Du amplitude ReF2_(1/2). The total left-hand-cut 
contributions and the two estimates of the rescattering discussed 
in the text are shown. The solid line gives the total amplitude ob­
tained by using the inelastic rescattering curve. 

tion to the amplitude Dn, calculated by assuming elas­
ticity up to, and beyond, the 600 MeV resonance. The 
resonance region is represented by a fit of Layson's 
form.26 I t is much more realistic to allow for some 
inelasticity. We assume that there is a gradual onset 
of inelasticity in the amplitude Du, so that rj= 1 up to 
370 MeV, and then falls steadily to 0.7 (i.e., the ob­
served value) at the resonance. This is consistent with 

FIG. 23. The Fn amplitude ReF3-(1/2). The total left-hand-cut 
contributions and the rescattering, as estimated in the text, are 
shown (notation as in Fig. 22). The very small difference between 
the elastic and the inelastic estimate of rescattering is not shown. 
The solid line shows the total amplitude. 

26 W. M. Layson, Nuovo Cimento 20, 1207 (1961), and CERN, 
1961 (unpublished). 

the inelasticity in Dn being due primarily to the 
process 7r+iV—>ir~\-N* where the pion on the right is 
in an s wave. The effect of assuming such inelasticity is 
to reduce the rescattering below 400 MeV by about 
20% (cf. Fig. 22). 

The phase shift du based on this last estimate of the 
rescattering is shown in Fig. 24. The errors shown are 
estimates of the errors in our calculations, and they are 
large because of the uncertainty in the rescattering. 

The amplitude FIB is treated in a similar way. Fitting 
the experimental data on the 900 MeV ir~—p resonance 
with a Layson form26 the rescattering is found to be 
small up to 400 MeV, as shown in Fig. 23. Making 
reasonable assumptions about the inelasticity alters 
these values very little. The phase shifts are shown in 
Fig. 24. 

FIG. 24. The phase shifts du and fn which are given by the 
solid curves in Figs. 22 and 23. The errors shown arise from errors 
in the input data and errors in estimating the rescattering. 

(iv) P-Wave Phase-Shift Predictions 
up to 400 MeV (pmpzupzz) 

I t was pointed out in Sees. 2 and 3 that the suppres­
sion of the short range interactions by the factor q~21 

is not so strong in the ^>-wave case, and it is necessary 
to estimate the very-short-range contributions to the 
scattering amplitude. This is done by fitting to the 
known ^-wave ir—N scattering lengths27 a2T,2j at the 
physical threshold s= (M+n)2, and to the related 
values28 at the crossed physical threshold s= (Jkf—/x)2. 

27 We used the preferred values of the scattering lengths given 
by J. Hamilton and W. S. Woolcock, Rev. Mod. Phys. 35, 737 
(1963). 

28 For details of Ft±W(s) at s = (M-fi)2 see HMOV (Ref. 1). 
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The unknown short-range interaction arises from the 
arc | <£ | > 66° of the circle \s\=M2—/z2, and the line 
— °° <s<0 (Fig. 1). We assume that to a first approxi­
mation their contribution to the second integral in 
Eq. (7) can be represented by a simple pole on the line 
— co<s<Q, the residue being real. The position and 
residue of the pole are determined by the two threshold 
values. 

The ^-wave amplitudes Pu and P3i, fall into class (a) 
of Sec. 5 (i); the rescattering is small and readily esti­
mated. The solution for the resonant amplitude P33 has 
already been found by the variation method3; P33 is 
only included here for completeness. The behavior of 
P11 is quite distinctive, and it is discussed separately in 
Sec. 7 below. 

The Amplitudes Pu and P31 

The amplitudes Pu and P31 are easy to determine in 
the region up to 400 MeV. From Figs. 8 and 9 it is 
seen that the total contribution of the left-hand cuts 
(excluding any short-range pole) is weakly repulsive. 
Using Table IV and Eq. (33), and assuming almost 
complete elasticity up to around 550 MeV, it is clear 
that rescattering is small. (For P31 at 400 MeV re­
scattering is estimated to be about 5% of the left-hand 
cut contributions. For P i 3 rescattering is smaller.) At 
the threshold rescattering can be neglected. Now the 
method which was explained above gives the short-
range contributions: 

Crossed threshold Physical threshold 

P31 

-0.006±0.005 
-0.003±0.005 

-0.003db0.004 
-0.001db0.005. 

The errors are mainly due to errors in the scattering 
lengths a2T,2j-

Adding in the short-range interactions causes little 
change and we get the phase shifts pu and p31 shown in 
Fig. 25. The errors include errors coming from the 
short-range terms. No rescattering is included. Re­
scattering is estimated to increase pn by at most +1° 
at 400 MeV, and at most +0.5° at 300 MeV; pu should 
not be altered. 

The Amplitude P33 

Here the only point of interest is the short-range 
part. In Fig. 26 the rescattering is that given by the 
best Layson-type fit of Donnachie and Hamilton.3 The 
short range contribution, determined as above, is 

Crossed threshold Physical threshold 

-f-0.007±0.005 -j-0.005rb0.004. 

This is again going to give a small contribution in the 
energy range up to 400 MeV. The calculation of 
Donnachie and Hamilton3 shows that the rescattering 

0 

-2 

- 4 

w "6 

g-10 

,.-14 
JQf? 

-16 

-18 

-20 

-22 

60 

-

70 

160 

8P 
200 

9.0 
360 

l 1 C * 400 MeV 

FIG. 25. The predicted values of the phase shifts p\z and p$\. 
The errors shown come from errors in the input data and errors in 
the estimates of the core effect. The small corrections due to re­
scattering, which are discussed in the text, are not included in the 
values shown. 

given in Fig. 26 is consistent with the solution of the 
dispersion relation, which is given by the solid curve. 

6. COMPARISON WITH EXPERIMENT 

(i) Experimental Values at 310 MeV 

We first look at the results of the experiments of Vik 
and Rugge at 310 MeV.7 These are Tr±Jt-p—>Tr±Jfp 
differential cross section and recoil proton polarization 
experiments. Information from charge exchange scat­
tering w~+p—>7r°+n is incorporated in some of their 
phase-shift determinations. 

20x10: 

10 

-10 

*̂«_—-̂  

60 

^ " \ 

^ ^ + ^ ^ 

70 

100 

V 
\ 

\ \ap 
\ \200 

\ \ 

\ \ 

\ 

-+«+.+- Total Left 
Hand Cuts 
Rescattering 
Total 
Amplitude 

+ 

90 10C 

300 400 

FIG. 26. The P33 amplitude RzF1+WV(s). The total left-
hand-cut contribution (without core) the rescattering and the 
total amplitude are shown. 

-0.001db0.005
-j-0.005rb0.004
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Comparison with Dn, D33, -#35 

D waves are used for the first comparison with the 
experimental results because no short-range effect is 
expected. We use initially the phase shifts dn, J33, ^35 
because the rescattering is negligible in these cases. In 
Table V the three final spdf-type solutions of Vik and 
Rugge are given together with our predictions (the dn 
values will be used below). Using only dn, d%z, 3̂5 it is 
clear that set spdf II is the closest to the predicted 
values. We put this in quantitative form by finding the 
M value: 

^ = E { ( 5 e x p - 5 C a I c ) / A 5 e x p } 2 . 

Here 5exp and d^u are the experimental and calculated 
phase shifts and A5exp is the statistical error in the 
experimental values. We get M=425, 24.5,69 for 
spdf I, I I , and I I I , respectively. 

Composite Set of Phase Shifts 

The results of Vik and Rugge which we have just 
used incorporate some charge exchange data. Without 
the charge exchange data the d-wave phase shifts 
would be somewhat different; in particular, in set I I 
the phase shift J35 would have the opposite sign. We 
suggest that the difference between the results with and 
without the charge exchange data is some measure of 
the actual experimental errors. We therefore form com­
posite experimental values,29 which give for spdf II 
(in degrees): 

dn dn ^33 dsz 
6.3±0.7 1.4±1.3 - 2 . 6 ± 1 . 3 0.6±1.4. (34) 

Comparing these values of dn, J33, dd5 with our pre­
dictions gives M—7.5, which is reasonable. Composite 
data for sets spdf I and spdf III give very large M 
values. 

Alii Waves at 310 MeV 

Next we include the values of dn in the comparison 
between experiment and theory. The data in Table V 
above now give M= 1780, 25, 95 for spdf I, I I , and I I I , 
respectively. The large value of M for spdf I is mainly 

TABLE V. The d-wave phase shifts given in Table XIII of the 
paper by Vik and Rugge (Ref. 7), and our predictions. All values 
are in degrees. 

Set dn &\h dz% dzf> 

VRspdfl - 5 . 5±0 .3 +15.3±0.8 +5.1=1=1.0 -6.5=bl.O 
VR spdf II +5.9±0.5 +0.3 ±0.6 -3.1=4=0.6 +1.2db0.8 
VR spdf HI -0.3=1=0.8 +3.1 ±0.6 +4.4±1.0 -6 .2±0 .9 

Our results +5.7±1.6 a +0.7 ±0.15 - 1 . 3 ± 0 . 3 -2 .1±0 .1 

a This is the value given by the inelastic rescattering calculation. With 
elastic scattering it becomes 6.1°. 

29 We use the mean of the spdf I I solutions from Vik and 
Rugge's Tables %1 and XIII, and include an estimate of the 
over-aJ! erjrp^ 

due to dn. Rescattering can only give a positive con­
tribution to dn (since we are not above a resonance), 
so from Fig. 11 we deduce that dn>2.7°, whatever the 
rescattering. Therefore, irrespective of the particular 
value of the rescattering in Dn, the M value for spdf I 
will be very large. 

Clearly on the basis of the data in Table V above, set 
spdf I is excluded, and spdf I I I is very unlikely. Using 
the composite experimental set dm dn, d%z, J35 \jpdf I I 
in (34) above] gives M= 7.6. As the expected value of 
M is 4, the agreement is very good. 

Comparison with Pn, P31, ^33 at 310 MeV 

Next we compare the predictions with the p-w&ve 
experimental values. We exclude ? n for the present 
because there is an appreciable short range interaction, 
and an awkward rescattering contribution in that case 
(cf. Sec. 7 below). The final spdf phase shift sets of 
Vik and Rugge and our values are given in Table VI. 
Again it is clear that set spdf II is in good agreement 
with the predicted values while the other sets are in 
complete disagreement. The M values are 72, 2.3, 211 
for spdf I, I I , and I I I , respectively. 

F Waves 

The predicted /-wave phase shifts at 310 MeV are 
/ i 5 = + 0 . 7 6 ° ; / 1 7 = - 0 . 1 3 ° ; / 8 B = - 0 . 1 3 o ; / 8 7 = + 0 . 5 8 ° . 
These have the same sign as the experimental values in 
set spdf II, but they are noticeably smaller than the 
latter. I t seems probable that, as has been suggested,30 

the method used to analyze the experimental data is 
not stable for / waves. 

(ii) Characteristics of spdf II Phase-Shift 
Sets at 310 MeV 

Vik and Rugge7 preferred the spdf I solution at 
310 MeV because it gave somewhat better agreement 
with the experimental recoil polarization data than their 
spdf II solution. In order to give a better chance of 
distinguishing experimentally between these two sets it 
would be valuable to have recoil proton polarization 
measurements for (cm.) angles 6 less than 90°. 

We can summarize the theoretical comment on these 

TABLE VI. The ^>-wave phase shifts given in Table XIII of 
the paper by Vik and Rugge (Ref. 7), and our predictions for 
piz, p3i, pt3. All values are in degrees. 

Set pn pzi ps3 p\\ 

VRspdfl +1.7±1.3 -f0.4±2.0 +135.1±0.6 - 5 . 5 ± 0 . 8 
VR spdf II - 3 .6±0 .7 -11 .8±0.8 +137.0±0.8 +23.0±1.0 
VRspdfUI +8.6dhl.O -0 .4±1 .7 +135.6±0.6 +26.4±1.3 

Ourresults -3.5_,.4
+1-0 -13.0_2.3

+1-3 +137.4_0.5
+3-8 

30 G. L. Kane and T. D. Spearman, Phys. Rev. Letters 11, 
45 (1963). 

file:///jpdf
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TABLE VII. The main distinguishing features of Vik and Rugge's (Ref. 7) 310-MeV phase-shift sets spdfl and spdfll, 
together with our predictions. All values are in degrees. 

pn pzi 

VR spdfl 
VR spdfll 

Our results 

- 5 . 9 
+ 10.9 

- 5 . 5 
+23.0 

+0.4 
-11 .8 

-13.0_ 

+1.7 
- 3 . 6 

- 3 . 5 _ 

- 5 . 5 
+5.9 

.4+10 +5.7=1=1.6 +0.7±0.15 

+ 15.3 
+0.3 

+5.1 
- 3 . 1 

- 6 . 5 
+ 1.2 

1.3±0.3 -2.1=1=0.1 

two sets of phase shifts by giving their most striking 
differences, together with the theoretical predictions, 
in Table VII. Obviously set spdf I is quite inconsistent 
with the theory. 

I t is interesting to note the values of Su. Predictions 
of SH which are based on the method of Chew et al.n 

have been made by Woolcock,32 Dietz,33 and others.34 

Their results are quite inconsistent with s n < 0 as re­
quired by spdfl, but they are consistent with the 
value of sn in spdf I I . (Hamilton and Woolcock34 give 
*n=16.5 o±6.0°.) 

(iii) Comparison with Experimental Values 
at Other Energies 

224 MeV 

At this energy there are experimental results and a 
phase shift analysis by Deahl et a/.35 Only 5 and 
p waves are considered in their analysis. The ^-wave 
sets are given in Table VIII . Clearly our predictions 
for pu pn, pzz are in reasonably good agreement with 
set Fermi (i). Defining M as above gives Af=6.3 and 
190 for sets Fermi (i) and Fermi (ii), respectively. The 
experimenters35 prefer the set Fermi (i). 

120 MeV 

There is a ^p experiment of high accuracy at 120 
MeV, by Loria et a/.36 They obtain £ 3 i= - 2.60°±0.69°, 

TABLE VIII. The ^-wave phase shifts (in degrees) from the 
three experimental sets of Deahl et at. (Ref. 35), with our results 
for pu, pn, pw. The set Fermi (i) gives the closest fit to the dif­
ferential cross sections, etc. 

Set pn pz\ Pn 

Fermi (i) 0±2.0 - 2 . 1 ± 5 . 5 112.3±3.0 5.9±4.5 
Yang (i) 9.0-fcl.5 258.4±4.5 143.3±1.5 4.6±2.0 
Fermi (ii) 9.8d=1.0 -1.5=1=3.5 112.3=1=1.0 -4.3=1=2.5 
Our results -2.6_2.1

+0-8 - V ^ o . ^ - 6 106.7_0.3
+1-3 - 0 

31 G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu, 
Phys. Rev. 106, 1337 (1957). 

32 W. S. Woolcock, Ph.D. thesis, Cambridge University, 1961 
(unpublished); and Ref. 27. 

33 K. Dietz, Nuovo Cimento 27, 141 (1963). 
34 See J. Hamilton and W. S. Woolcock, Rev. Mod. Phys. 35, 

737 (1963) for details of these calculations and references. 
35 J. Deahl, M. Derrick, J. Fetkovich, T. Fields, and G. B. 

Yodh, Phys. Rev. 124, 1987 (1961). 
36 A. Loria, P. Mettner, R. Santangelo, I. Scotoni, G. Zago, et al., 

Nuovo Cimento 22, 820 (1961). 

^33 = 31.67°zbl.01°. Our predictions are 

#8i= -3.40_o.45+0-31°, #33=31.48_o.i3+0-60°. 

Again the agreement is good. 

98 MeV 

The Liverpool group37 gets the values shown in 
Table IX. The agreement with the predictions is good. 

Comment on the p-Wave Results 

Our predictions for pu, #31, pzz are seen to be in good 
agreement with the experimental values at 98, 120, 224 
and 310 MeV. This provides good justification of our 
method in which the residual short-range interactions 
in the #-wave case are represented by a pole on — <*> <s 
< 0 ; the parameters of the pole were determined by 
fitting ReF1±

(T)(s) ( T = | , f) to its known values at 
the two thresholds s— (M±/x)2. 

7. THE AMPLITUDE Pn 

The amplitude P n is unusual in two respects. Alone 
among the p waves it has quite a large residual short-
range interaction coming from the far away parts of 
the left-hand cuts. Also it doesn't fall into either class 
(a) or (b) of Sec. 5(i), and evaluating the rescattering 
integral in Eq. (7) is extremely difficult. We first 
examine the residual short-range interaction, which for 
brevity we call the core. 

(i) The Core 

In Sec. 5 we showed how the very-short-range con­
tribution to Eq. (7) could be obtained from our 
knowledge of the ^-wave scattering lengths a2T,2j> We 

TABLE IX. p-w&ve phase shifts obtained by the Liverpool group 
(Ref. 38) with our predictions. All values are in degrees. 

Phase shift Liverpool values Our results 

psi 
p33 
pu 

-0.75-1-0.37 
-2.52drO.25 
21.7 ±0.30 

-2.24±0.37 

-1.19_ 
-2.39_ 

-o . io ' 
r2.19±0.45 

37 D. N. Edwards, S. G. F. Frank, and J. R. Holt, Proc. Phys. 
Soc. (London) 73, 856 (1959). Also D. N. Edwards and T. 
Massam (private communication). We are grateful to them for 
communicating their results. 

-2.52drO.25
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FIG. 27. The Pn amplitude ReFi_(1/2>0). The total left-

hand-cut contribution (without core) and our estimate of the 
core term are shown. 

use the values4,38 

an= -0 .101±0 .007 , 031= -0 .038±0.005 

ais= -0 .029±0 .005 , a3 3= 0.215 ±0 .005. 
(35) 

These give39 ReFi__(1/2)C?) at the thresholds s= ( M ± M ) 2 . 
In order to obtain the very-short-range, or core, con­
tribution to Eq. (7) we must also know the values of 
the rescattering integral at s= (Afzbju)2. 

As a first approximation we assume that the re-
scattering can be neglected at s= (M"=b/x)2. This gives 
the core contributions to Pn; 0.028±0.005 at s 
= (M-»)2, 0.021zbO.G06 at s= (M+/*)2. This means 
that the core gives a much larger effect here than it 
does in the other ^?-wave amplitudes (cf. Sec. 5). Be­
cause the core effect is large, it is important to estimate 
its contribution as accurately as possible. A short-
range pole c/{sJrMr) gives a good fit to the mean values 
of the core contributions at s== (lf±/x)2, and it is satis­
factory to place the pole at s= — M2 since the maximum 
value of \q~2\ on the line — & < O < 0 occurs very near 
this point. The core contribution determined in this 
way is shown in Fig. 27. 

Now, still ignoring rescattering, we obtain the phase 
shift pn from Eq. (32). The value of pn at 98 MeV is 
— 2.19°zb0.45°, in reasonable agreement with the ex­
perimental value in Table IX. The phase shift passes 
through zero at 220 MeV, and then goes positive. At 
310 MeV it is 5.6°d=2.30. This is much smaller than the 
spdf II value (23°) in Table VI.40 At 400 MeV, pn has 
risen to 14°. This approximation to the phase shift pn 

is a lower bound. I t is shown in Fig. 28. 

38 We also need the s-wave scattering lengths ai, at to obtain 
the value at s = (M—fx)2. a,\ and as are well known (cf. Ref. 16). 

39 For the details see HMOV (Ref. 1). 
40 Since any rescattering will make pn greater than 5.6°, we 

have here a further argument against the set spdf I of Table VI. 

(ii) Rescattering 

Since the above approximation to the phase shift pn 
has risen to 14° at 400 MeV, and is still rising, it is 
clear that rescattering may be important. The p, N* 
and core contributions are all attractive, and they ex­
ceed the repulsive Born term at moderate and high 
energies, since the former are shorter range interactions. 

We should now consider whether P n can have a 
high-energy resonance. Feld and Lay son41 have sug­
gested that there is a Pn resonance at 950 MeV. Our 
left-hand-cut terms and the core term have been evalu­
ated up to 1 BeV, and they are not inconsistent with a 
resonance at 950 MeV. However because of the con­
siderable uncertainties in the estimate of the core term, 
we cannot predict such a resonance. 

We shall examine the rescattering coming from such 
a resonance alone. The addition to Fi_(1/2)(^) is 5X10~3 

at 310 MeV, and is less at lower energies. From Figs. 7 
or 27, it is clear that this rescattering increases the 
phase shift pn by a negligible amount. Also it does not 
upset the threshold values, and therefore the core 
estimate. 

(iii) Phenomenology 

Our approximate prediction for pn at 310 MeV is 
5.58°, whereas set spdf II gives 23°. We try to see 
whether this large difference can be made up by re­
scattering. We might assume that Pn resonates at 
around 500 MeV. This would give sufficient rescattering 
at 310 MeV to raise pn to around 20°. However it 
would destroy the agreement with experiment at 98 
MeV and threshold. That difficulty could be overcome 

} 

hi 
(X 

O 

a 
\ 

With Core but 
without Rescatter­
ing 
99 190 s 

4S6 MeV 300 

No Core and no 
Rescattering 

FIG. 28. The phase shift pn. Rescattering is not included in 
either curve. The experimental values at 98, 224, and 310 MeV 
are those given in Refs. 7, 35, and 37. 

41 B. T. Feld and in W. M. Layson, in Proceedings of the 1962 
International Conference on High-Energy Physics at CERN, edited 
by J. Prentki (CERN, Geneva, 1962), p. 147. 
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by reducing the core, but then the resonance could not 
be sustained. Hence a P n resonance around 500 MeV 
seems to be very improbable. 

Rescattering which is large at 300 MeV and small in 
the range 0-100 MeV could be caused by an inelastic 
process which gave an inelastic cross section that rose 
sharply just above 300 MeV. The cross section 

a(7r~~\-p —> 7r++7r— -\-n) 

behaves in this way. I t is about 0.6 mb at 300 MeV and 
rises to 3.5 mb at 400 MeV.42 We suggest that this in­
elastic process is dominantly associated with the Pn 
amplitude up to around 400 MeV. 

The Inelastic Process TT-\-N —> (7T7r)o+iV 

Let ('7T7r)o denote a pair of pions in the T=0 7 = 0 + 
state. The threshold for T+N -+ (inr)o+N is 171 MeV. 
The threshold for ir+N ~> T T + N * is 390 MeV, so even 
allowing for the width of A7'*, the former process occurs 
at a lower energy. Allowing for phase space, its cross 
section becomes detectable around 250 MeV. Assuming 
(because of the low pion energies involved) that (7r7r)o 
is in an s state relative to the final nucleon, the quan­
tum numbers of the state (7T7r)o+iV are T=\ J—^+. 
These are the quantum numbers of the amplitude P n . 

Because of the strong low-energy attraction between 
the two pions in (?nr)o, there will be a noticeable en­
hancement of the process TT-\-N —> (7nr)o+iV in the 
low-energy region. We suggest that this explains43 the 
steep rise in a(ir~+p —> ir+-{-Tr~+n) just above 300 
MeV. From Eq. (33) it is clear that (when the inter­
action is attractive) an inelastic process can give a 
surprisingly large contribution to the rescattering inte­
gral, particularly if the onset of the process is steep.44 

Rough estimates show that this inelastic process could 
bring the predicted value of the phase shift pn much 
closer to the spdf II value at 310 MeV.45 

(iv) Possible Role of F° 

In the case of Pn the core term at the physical 
threshold is 0.021, whereas in the other three p waves 
(Sec. 5) the core term is very much smaller. In the p-
wave case the suppression of the far away left-hand 
cuts by the factor q~21 is not nearly as great as it is for 
l>2. We now try to find the cause of the ̂ -wave core 
terms. 

42 D. I. Blokhintsev, Zh. Eksperim. i Teor. Fiz. 42, 880 (1961) 
[English transl.: Soviet Phys.—JETP 15, 610 (1962)]; W. 
Perkins, J. C. Caris, R. W. Kenney, and V. Perez-Mendez, Phys. 
Rev. 118,1364 (1960); B. C. Barish, R. J. Kurg, P. G. McManigal, 
V. Perez-Mendez, and J. Solomon, Phys. Rev. Letters 6, 297 
(1961); P. Bareyre, C. Bricman, G. Valladas, G. Villet, J. Bizard 
and J. Seguinot, Phys. Letters 8, 137 (1964). 

43 See also H. J. Schnitzer, Phys. Rev. 125, 1059 (1962), for a 
field theoretical treatment. 

44 J. S. Ball and W. R. Frazer, Phys. Rev. Letters 7, 204 (1961). 
45 P. Auvil and C. Lovelace (to be published) in their analysis 

of the experimental data find that P n has considerable inelasticity 
above 350 MeV. 

In Sec. 4(iv) we only integrated over the arc0< |<£| 
<66° of the circle \s\ =M2—ju2 in determining the p-
exchange effect on the ir~-N amplitudes. We estimated 
in Sec. 4(iv) that for 1=2 the error in the p-exchange 
term due to cutting off at 66° was no more than 10%. 
For 1=1, a similar estimate shows that if we did not 
cut off the ^-wave calculation at | $ | = 6 6 ° the p-
exchange terms would be J larger than the values de­
rived in Sec. 4(iv). This does not affect our analysis in 
the least, since this extra p-exchange term is included 
in our core terms in the ̂ -wave case. 

Now the extra p term cannot be the sole cause of the 
large P n core [+0.021 at s= (Af+/i)2] since it would 
also imply a P3 i core of —0.010 at s= (M+fx)2 [cf. 
Eq. (44) below]. We suggest that the missing con­
tribution to the core is due to the exchange of the 
r = 0 / - 2 x - 7 r isobar46 F°, whose mass is 1250 MeV. 
The value of / for F° is 80, so the F° exchange only 
contributes to the circle for \<t>\ >90° , and therefore it 
gives a very-short-range effect. 

Since F° has isospin T = 0, it has the same effect in 
P n and P3 i . Let (P°) be the value of this effect at 
s= (M+/x)2, and let 2(p)8 be the extra p effect (from 
\<t>\ >66°) in P n at s= (M+^) 2 . Fitting to the values 
of the P n and P3 i cores at s= (M+JJL)2 gives 

(F°)+2(p)a = 0.021, 

(P°)-(P)S^O. 
Hence, 

( P ° ) ~ ( p ) s ^ 0 . 0 0 7 . 

This is satisfactory, since the value of (p) 8 is consistent 
with our estimate above that the extra p effect adds on 
about | to the main p-exchange term. 

There are reasons why P° may be much less important 
in the J=\ ^-wave terms. In Sec. 10(ii) below it is 
see that for fixed T the p-exchange terms have the 
ratio ( / = § ) / ( / = i ) ^ — \ in the ^-wave amplitudes. 
This means that it is harder to exchange a / = 1~ isobar 
when the nucleon spin is parallel to the pion angular 
momentum, than in the antiparallel case. I t is reason­
able to expect that the same is true for F° which has 
spin J =2. This would explain why the cores in Pi3 and 
P33 are so small. 

8. LIMITS OF VALIDITY OF THE 
PERIPHERAL METHOD 

There are two phenomena which prevent our method 
from working for very high energy: 

(i) The problem of inelasticity which makes it hard 
or impossible to solve Eq. (7) at high energies, where 
presumably inelasticity is important. This was dis­
cussed in Sec. 5(i), and need not be examined further 
here. 

46 V. Hagopian and W. Selove, Phys. Rev. Letters 10, 533 
(1963); J. J. Veillet, J. Hennesy, H. Bingham, M. Bloch, D. 
Drijard, et al., Phys. Rev. Letters 10, 29 (1963). 
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(ii) The unknown, or poorly known, very-short-
range interactions. These are small and unimportant at 
low energies, but because they fall off very slowly with 
energy they become important at very high energies. 
For p waves these very-short-range terms are lumped 
into the core terms which we estimated with the 
help of the p-w&ve scattering lengths a^T^j- I t is the 
possible errors in these estimates of the core which 
concern us here. 

Approximating the core interaction by a pole near 
s~—M2, and using the threshold values given in Sec. 
5(iv), we find the following values for the possible 
errors in the core term expressed as percentages of the 
remainder of the left-hand-cut terms. P31, 25% at 400 
MeV, 50% at 1.1 BeV; P33, 25% at 850 MeV; Plz 50% 
at 1 BeV. In the case of ? n the core effect is large and 
the errors may be large. Because of the other difficulties 
in the Pu case, we have only made precise predictions 
up to 225 MeV (Sees. 5 and 6), and there the core 
errors are negligible. 

For d waves the main limitation is the very-short-
range terms which have been ignored. These are that 
part of the p-exchange term which comes from [ 4> \ > 66°, 
and a possible .P-exchange term. This p term gives a 
possible error of 10% of the main p term up to 400 
MeV, and a somewhat greater percentage at higher 
energies.47 The F° term can be estimated roughly by 
using the analysis of the Pn core in Sec. 7(iv). Rough 
estimates of the total errors in the left-hand-cut terms 
are ± 2 0 % at 600 MeV and ± 5 0 % at 900 MeV. 

For / waves, similar estimates suggest that we 
should have errors of no more than 20% around 900 
MeV. 

The Problem of the Very-High-Energy 
Boundary Condition 

From Eq. (7) ReFi±(s) is expressed as the sum of the 
rescattering integral plus the sum F'(s) of the left-
hand-cut terms. For large physical values of s, unitarity 
requires |RePz±C?)| <l/2q2l+\ Thus the function 
[P'C?)+rescattering integral] must go to zero at least 
as fast as s~l~1/2 as s —>• + <x>. This result is a direct 
consequence of the assumed analytic properties of 
Fi±(s) and unitarity. 

In practice we can only calculate an approximate 
value FA (S) of Fr (s) and it seems likely that, however 
good this approximation, the corresponding function 
[FA (S)+rescattering integral] will not tend to zero 
sufficiently fast as s —> + 00. Indeed the form of Eq. (7) 
suggests that in some cases [ i ^ C ? ^ rescattering inte­
gral] behaves like s"1 as s —> + co. The question arises 
whether this violation of unitarity at very high energies 
will in any way invalidate our results. 

The energy region for which we make predictions (cf. 
Sec. 9 below) is up to 1 BeV for P and D waves, and up 

to 1.5 BeV for F waves. Violation of unitarity due to 
inaccuracy and incompleteness of the input data can 
only occur at very much higher energies. This can be 
seen from the details given in Sec. 9 below. [For the 
nonresonant amplitudes discussed in Sec. 9(i), FA(S) 
is far below the unitary limit even at the highest en­
ergies in our range (i.e., 1 BeV or 1.5 BeV), and the 
rescattering integral also has the same property. For the 
resonant amplitudes, which we discuss in Sec. 9(h), the 
function [P / (s )+resca t te r ing integral] reaches the uni­
tary limit where a=45° , i.e., just below the reso­
nance. The function [_FA(S)+rescattering integral] 
falls far below the unitary limit above the resonance.] 
Estimates of the errors in our results due to the viola­
tion of unitarity at very high energies can be made 
using the rescattering integral. I t is easily seen that 
such errors are negligible over the range of energies 
we deal with, i.e., up to 1 BeV or 1.5 BeV. 

The Method of Kane and Spearman 

I t is interesting to compare our method with that of 
Kane and Spearman.30 Essentially they use dispersion 
relations for A (s,t), B(s,t) [Eqs. (12) above] for fixed s. 
Writing #=cos#, these relations are of the form 

1 r-*i(«) 1mAu(s,x') 1 f00 I m i i f e x ' ) 
A(s,x) = - I • — dx'-\— 1 dxf, 

IT J—oo X X IT J X2(s) X X 

where %i(s)>l and x2(s)>l. From these equations the 
phase shifts for the larger values of I are calculated 
using Eqs. (11) and (12) above. Expressions like Eqs. 
(10) and (28) above are used to give ImAt(s,xf) etc. 
Now there is a difficulty about continuing these expres­
sions for the absorptive parts of the TT+T—* N+N 
amplitudes to the region where s is physical. 

We have 

1 r P2s(s',0 1 f" P i 2 « 0 
Im.4 t(s,t) = - dsf \— \ duf , 

TTJ (M+H)2 S'—S 7r7(iif+/x)2 u' — u 

etc. Therefore, ImAt(s,t) cannot be continued beyond 
the boundary of the spectral function p2z(s,t). To obtain 
the p-exchange term we need / = 2 8 , and we can only 
continue Eqs. (10) for s<70, i.e., for pion energies less 
than 100 MeV. The detailed form of the spectral func­
tion boundary48 shows that for pion energies exceeding 
250 MeV we can only continue ImAt(s,t) for'/ < 8 ; so for 
energies above 250 MeV the calculation of the s-wave 
7T—7r interaction term will begin to go wrong. 

Thus Kane and Spearman's method should work best 
below 100 MeV; however, at these low energies there 
may also be some difficulty; this time it is in the 
evaluation49 of ImAu(s,t). 

47 This error is examined in Sec. 4(iv) above. 

48 See for example Fig. 3 in Ref. 4. 
49 We are indebted to Dr. G. C. Oades for pointing this out. 
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9. HIGH-ENERGY BEHAVIOR AND 
THE HIGHER RESONANCES 

In our calculations of the left-hand-cut terms it is 
seen (Figs. 7-18) that the p exchange, the crossed cut 
term (iV*), and (for p waves) the core terms fall off 
slowly with increasing energy. Therefore these terms 
will mainly dominate the ir—N interaction at high 
energies (say around 1 BeV). 

Extending our calculations of all the left-hand-cut 
terms up to 1 BeV (1.3 BeV for / waves) we see that, 
apart from P n , we can divide the p-, d~, and /-wave 
amplitudes into two classes: (i) those which have a 
repulsive or a very weak attractive interaction up to 
high energies; (ii) those having a strong attractive 
interaction at high energies. They are P33, Dn, P15, P37 
(F37 is in this class because it becomes strongly attrac­
tive above 1 BeV). 

Now we examine the general nature of the high-
energy behavior of the amplitudes. 

(i) Amplitudes which Cannot Resonate 
below 1 BeV 

These are the amplitudes in class (i). We briefly 
examine the general form of their behavior above 400 
MeV. We let F"(s) denote the sum of the left-hand 
terms calculated in Sec. 4. If there is a core term it is 
discussed separately. We use two general criteria: 
(a) If [_F" (s)+core] is negative up to and beyond 1 
BeV (1.3 BeV for / waves), then the interaction is re­
pulsive and no resonance will occur below 1 BeV 
(1.3 BeV). (b) If [F" ( j )+co re ] is positive, but q2^1 

X [ P " (s)+core] < 0.1 a t 1 BeV (1.3 BeV) and q2l+l 

X[P"C*)+core] does not appear to rise steeply above 
1 BeV (1.3 BeV), we do not expect there to be a reso­
nance below 1 BeV (1.3 BeV). The reason for using 
these criteria is clear from the discussion in Sec. 5(i). 
Of course it is obvious that we are here using imprecise 
methods, and we can only make general deductions. 

P31 (cf. Fig. 9). Above 450 MeV the dominant inter­
action is the repulsive p-exchange term. In addition the 
Born term is repulsive and comparatively large. At 1 
BeVF"(*)= ( -1 .1±0 .1 )X10- 2 . From the data in Sec. 5 
it is seen that the core term is very small, and at 1 BeV 
it will not exceed 2X10~3. We deduce that P31 cannot 
resonate below 1 BeV (and possibly not for much higher 
energies, if at all). 

P13 (cf. Fig. 8). Here the p term is small and the re­
pulsive Born term dominates up to high energies. At 
1 BeV P / /(^) = - 0 . 9 X 1 0 - 3 . Allowing for the errors (cf. 
Sec. 8) the core term could be positive, but it is very 
unlikely to exceed + 0 . 5 X 1 0 - 3 at 1 BeV. Again there 
can be no resonance below 1 BeV. We cannot exclude 
the possibility that a small positive core gives a reso­
nance in this amplitude above 1.5 BeV. 

P33 (cf. Fig. 10). We include this amplitude here to 
examine whether it can have a second resonance. The 
dominant term is the very strong Born attraction. At 

1 BeV F"(s) = 1.5X10-2. However, above the first 
resonance the rescattering is negative and large, being 
(approx.) - 1 . 8 X 1 0 - 2 at 1 BeV. Thus there is probably 
no second resonance below 1 BeV, and certainly none 
below 800 MeV. The possibility of a resonance at some 
energy above 1 BeV cannot be excluded. 

Du (cf. Fig. 12). The p and crossed cut terms are 
repulsive and eventually counteract the Born attrac­
tion, and F"(s) = 0 at 650 MeV. At 1 BeV, F"(s) 
— — 4X10 - 5 . We can at best make a very rough guess 
at the core term in the d waves. Based on the analysis 
of the core term in P n [Sec. 7(iv)] we suggest that the 
core term in Du at 1 BeV is certainly less than I X 10~4. 
As g5=1.6X103 at 1 BeV, it is unlikely that there is 
any possibility of a resonance below 1 BeV, and cer­
tainly a resonance could not occur below 800 MeV. 

Z)33 (cf. Fig. 13). The repulsive p and crossed cut 
terms dominate at high energies. At 1 BeV, F"(s) 
= — 3X10 - 4 , and no resonance is possible below 1 BeV. 

D35 (cf. Fig. 14). The dominant feature is a fairly 
strong Born repulsion. At 1 BeV F"(s) = - 8 X 1 0 " 5 and 
we do not expect any resonance to occur below 1 BeV. 

F17 (cf. Fig. 16). The Born term and the T=0TT-TT 
term almost cancel. The p effect is repulsive and domi­
nates above 300 MeV. At 1 BeV F " ( * ) = - 4 X 1 0 - 8 

and the core term must be quite unimportant. There 
cannot be a resonance below 1.3 BeV. 

P35 (cf. Fig. 17). The repulsive p term dominates 
above 400 MeV. At 1 BeV F" (s) = - 5 X 10~6. No 
resonance is possible below 1.3 BeV. 

(ii) Amplitudes which Have Resonances 

We consider the amplitudes falling in class (ii) above, 
i.e., P33, Du, P15, P37. All have strong attractive inter­
actions. The case of P 3 3 is well known, and it is only 
used here for purpose of comparison. In Du (Fig. 11) 
and F15 (Fig. 15) the dominant attractive interaction 
at the higher energies is the p-exchange term. 

We cannot solve Eq. (7) because of the inelasticity 
problem, so we must use very general methods. The 
phase shift dl±^ = ai±^+iPi±^(whext al±<T\ fr±<T> 
are real, and /3j±

( T )>0) is given by 

§ exp(-2/5z±(r>(s)) sm(2al±^(s)) 

= g2w-1ReFi±<r)(j). (36) 

Let Ffi±
(T)(s) be the sum of all the left-hand-cut terms 

(including a core if necessary). We define 

Qi±^(s) = q2l+1F'i±(T)(s)- (37) 

If Qi±iT)(s) — h we say that the interaction has reached 
the "unitary limit." For the amplitudes Dn and P15, 
Qi±^T)(s) increased steadily at higher energies and 
eventually exceeds the unitary limit. As Q(s) increases 
initially, the real part of the phase shift a(s) will in­
crease, ImFi±

(T)(s) will increase, and we expect that 
for low energies the rescattering integral (33) is posi­
tive. Any rise in the inelasticity will increase this effect. 
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TABLE X. The energies Eu (lab pion energy) at which Qi±^T)(s) 
crosses the unitary limit, together with the observed resonance 
energies and the values of Qi±(T)(s) at the resonances. 

Ampli­
tude 

F33 

F37 

Eu (in 
MeV) 

350 
810 

1150 
>1500 

Observed 
resonance 

energy 
(MeV) 

200 
600 
900 

1350 

QI±^(SR) 

0.26 
0.28 
0.28 
0.25 

When Q(s) exceeds the unitary limit, Eq. (36) shows 
that the rescattering integral must be negative. We 
conjecture therefore that a steadily increasing Q(s), 
which eventually crosses the unitary limit at s=su, 
implies that there is a resonance for some value of s 
less than su, provided that the inelasticity coefficient 
f3(s) never decreases. We shall assume that /3(s) never 
decreases. 

In Table X we show the energies at which P33, Dn, 
Fu, F37 cross the unitary limit. In the case of Fs7 our 
result is a conjecture. Although <23+

(3/2)(V) is heading 
towards the unitary limit, our evaluation ceases to be 
reliable before it is reached. 

Thus we deduce that Dn and Fn will resonate below 
810 and 1150 MeV, respectively. Clearly, bearing in 
mind our results in Sec. 9(i), we must identify these 
with the observed ir~—p resonances at 600 and 900 
MeV respectively.60 As to F37 we only say that it is 
probably the amplitude which gives the 1.35 BeV 
i&—p resonances.51,52 

We can use an empirical method to estimate the 
position of the resonances. Since there must be a strong 
attraction at the resonance energy, we expect that Q (s) 
must have risen to some appreciable value at the reso­
nance energy. In the solution for the P33 resonance,3 

Q(s) = 0.26 at the resonance. From Eq. (36) it follows 
that the rescattering integral (33) equals — 0.26/#3 at 
the resonance. [This negative value occurs because 
ImFi^T)(s) is not symmetric about a resonance energy; 
it has larger values on the low-energy side. This is the 
shape effect.3]] 

We shall assume that if Q(s) builds up steadily and 
crosses the unitary limit (0.5), the position of the reso­
nance is close to the energy where <2 CO = 0.26. The last 
column in Table X shows that this empirical rule is 

50 In Sec. 9(i) we did not consider Pn . However neither of the 
observed resonances at 600 MeV and 900 MeV can be J=%+ 

resonances. That is excluded by the heights of the peaks and the 
angular distributions. 

51 J. A. Helland, T. J. Devlin, D. E. Hagge, M. J. Longo, B. J. 
Moyes, and C. D. Wood, Phys. Rev. Letters 10, 27 (1963), reach 
the same conclusion about the 1.35-BeV resonance by analyzing 
differential cross-sections measurements. 

52 P. Auvil and C. Lovelace (to be published) obtain the same 
identification of the 600-, 900-, and 1350-MeV resonances from 
their analysis of the experimental data. 

reasonably well satisfied by the values 600 MeV, 900 
MeV, and 1.3 BeV for Dn, F15, and F37, respectively. 

Finally we note, as was discussed in Sec. 7(h), that 
the behavior of F'i-.(lf2) (s) could be consistent with a 
Pu resonance at 950 MeV, but we cannot predict that 
such a resonance should occur. 

10. SYSTEMATICS OF THE LEFT-HAND CUT TERMS 

We now try to express the results of the dispersion 
relation calculations of the interactions (Sec. 4) in 
terms of more commonly used physical concepts. We 
shall examine how the contributions to Fi±m(s) from 
the various left-hand cuts depend on isospin, nucleon 
spin, and orbital angular momentum. We also see to 
what extent the behavior of these contributions to 
Fi±

(T)(s) can be described by simple model potentials. 

(i) The T = 0 x - ^ T e r m 

The evaluation of this term was discussed in Sec. 
4(hi) above. Since the T=0T—W effect only appears 
in the ( + ) amplitudes, Eqs. (27) show that the con­
tributions to Fi±

(T)(s) are independent of T. Further, 
Figs. 7-18 show that the contributions to Fi+

(T)(s) and 
Fi-(T)(s) are almost identical. Thus the T=0w—w 
effect in 7T—N scattering is independent of the isospin 
and the nucleon spin and only depends on the orbital 
angular momentum. 

Using Eq. (30a) we can see why this term is inde­
pendent of the nucleon spin. Dependence on / can only 
come from the term involving Gi±i(s). Let 

R= 
(W-M)2-iJ 

(W+M)2-PL2 

R is a measure of the relative importance of the term 
containing Gi±i(s). For s= (M2—^2) exp(i<£) we find 

R= 
( M 2 - V ) cos(0/2)- i l f ( M 2 - V ) 1/2 

{M2-tx2) C O S ( 0 / 2 ) + M ( M 2 - M 2 ) 1/2 

The approximation cos (0/2) = 1—</>2/8 is quite accurate, 
even for 14> \ as large as 60°. Using this we get 

B~[ + 
\AM2 16/ 

m 
Thus R~l/50 for 0 - 3 0 ° and R~l/U for 0 = 60°. 
Remembering that for / > 1 , small values of |<£| are 
the most important in the T=0T—IT term, it is clear 
that the difference between the results for J=l+^ and 
J~l—\ should be very small. 

A Scalar Potential Model 

From Figs. 7-18 it is seen that the T=^TT—TT con­
tributions to Fi±

{T)(s) fall off quickly as s increases 
from the physical threshold (if+ju)2, but they are 
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everywhere positive. A positive value corresponds to an 
attractive effect. I t is not surprising that the exchange 
between the pion and the nucleon of an entity having 
T=0,J=0+, as shown in Fig. 19, should give rise to 
an attractive effect which only depends on the orbital 
angular momentum / of the 7r—N system. There is an 
analogy here with the exchange of a neutral scalar 
meson between two nucleons.53 

We shall now examine to what extent the T=0 w—ir 
effect can be represented by a scalar Yukawa type 
potential acting between the pion and the nucleon. 
The analysis which follows is nonrelativistic, so it will 
only be useful for low physical energies. 

In the Schrodinger equation 

V2t+{q2-U(r)W=0, 

the potential V(r) is given by 

V(r)=(h2/2m)U(r), 

where m is the reduced mass of the pion and the 
nucleon (m=0.87/x). V(r) is a scalar central potential. 
For angular momentum I the phase shift 81 is given by 

where 
Jo 

smdi/q=-(2m/h*) r*fi(r)V(r)gi(r)dr, (39) 

g , W = W2qr)^Jl+lli{qr)^jl{qr), (39a) 

and fi(r) is that solution of the equation 

(f*— + W-U{r)— / , = 0 (39b) 
r2 dr\ dr / [ r2 \ 

which is bounded at r = 0 . 

The (Born) Phase-Shift Approximation 

The Born approximation to 81 is obtained from Eq. 
(39) on replacing the actual wave function fi(r) by the 
free-particle wave function gi(r), viz., 

/•OO 

smSi/q= - (2m/h2) / r2[_gi(r)JV(r)dr, 

smdi=-(7rm/h2) r[Ji+1/2(qr)JV(r)dr. (40) 
Jo 

Replacing fi(r) by gi(r) is equivalent to ignoring re-
scattering. Thus the values given by Eq. (40) are to 
be compared with the phase shifts 5i± which would be 
derived from Eq. (7) if we ignored the rescattering 
integral, i.e., if we used 

sin.25 i±(s) 

- - • \ 

2iriJ o 

Ai? ; ±( / ) 
ds' f . 

unphysical cuts) 5 —S 
(40a) 

53 See, for example, G. Wentzel, Quantum Theory of Fields 
(Interscience Publishers, Inc., New York, 1949), Chap. I I . 

In Eq. (40a) we can separate out the contribution of 
any one of the various unphysical cuts, and compare 
this directly with the results of the model calculation 
in Eq. (40) for that part of the TT—N interaction. Since 
we shall be interested in making this comparison at 
energies close to the physical threshold and for 1>1, it 
is sufficient to compare the right-hand side of Eq. 
(40a) with (sin6z/g

2Z+1) given by Eq. (40). 
For the T=0 J=0 TT—TT interaction we use the 

potential 
V(r) = Der*r/r, (41) 

where D is a constant and the range K~1 will be esti­
mated below. Substituting in Eq. (40) gives 

sinSz 2m D (2 /+1) ! 

f$i+i K21+2 [ (2 /+1) ! ! ] 2 

X I (2/+2)+OI 6) (42) 

Comparison with the Model Potential 

We compare the dispersion relation calculations of 
the T=0 J—OTT—TT term with the model potential by 
using the ratios of the threshold values for Z™ 1, 2, 3 to 
determine K. From Figs. 7-18 the T = 0 TT—TT threshold 
values are seen to be: 1=1, 2.2X10~2; / = 2 , 1.8X10"3; 
/ = 3 , 2.7X10 -4. The ratios of these values agree with 
Eq. (42) if we take K ~ 2 . 6 . Further, Eq. (42) gives the 
slope of (sin5z/g2Z+1), with respect to q2, at threshold. 
I t is more convenient to note that for small q2, Eq. (3) 
gives 

sc^(M+fx)2+q2(M/fi). (43) 

From Figs. 7-18 we can evaluate 

\ds 
Hl±(s) / (Hl±(s)) (43a) 

= (M+M)2 

where Hi±(s) is the r = 0 / = 0 7r— T contribution to 
Fi±(s). The values are 1=1, - 1 / 1 3 ; 1=2, - 1 / 8 ; 1=3, 
— 1/6. By Eqs. (42) and (43) the same quantity is 
deduced from the model potential (41). With K = 2 . 7 5 
the values are 1= 1, - 1 / 1 3 , / = 2, - 1 / 8 . 5 ; / = 3, - 1 / 6 . 5 . 

Thus the attractive Yukawa potential (41) gives a 
good qualitative account of the following features of 
the T=0 J=0 7T—T effect m-ir—N scattering: (a) the 
lack of dependence on isospin and nucleon spin (b) the 
threshold ratio of the effect in ir—N states having 
/ = 1, 2, 3, (c) the energy dependence of the effect at 
threshold in these states. The parameter K should be 
related to the mass of the entity which is exchanged 
between the pion and the nucleon. In the dispersion 
relation calculations in Sec. 4 (hi) above we used the 
results of HMOV1 who found a virtual bound state in 
the r = 0 / = 0 7 r — 7 r system. Thus the entity exchanged 
is two strongly attracting pions. Therefore in the model 
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calculations one would expect K to be a little greater 
than 2, as it turns out to be. 

We can estimate the value of D from Eq. (42) by 
comparing with the actual values of the dispersion 
relation calculations. This suggests that for r—/T"1, 
F ( » ~ - 2 0 0 M e V . 

(ii) The T = l « - ^ Term 

In Table X I we give the threshold values of the 
T=lJ=lir-ir contributions to Fi±W(s) (cf. Figs. 
7-18). For any values of / and / , the ratio of the 7 ,= f 
and T= \ terms is 

(r=})/(7W)=-j . (44) 

This is a consequence of Eqs. (27), since p only appears 
in the (—) amplitudes. The fact that p i s a T ^ l J ^ l " " 
isobar suggests that there should be a similarity be­
tween the isospin and angular momentum properties of 
the contribution to Fi±(s). The last line of Table X I 
shows that this is indeed the case, but the ratio 
( / = / + ! / / = / — i ) is smaller than would be expected 
by the analogy with Eq. (44). 

A Model Potential for the p Exchange 

We would expect that the isospin of the nucleon will 
flip when it emits the p. Thus any model potential for 
the p-exchange effect should be linear in T, where | t is 
the nucleon isospin. The simplest invariant containing 
^is ( f T T ) , where Tw is the pion isospin. Some similar 
factor should be used to bring in the spin of the nucleon. 
Thus we try the model potential 

where Jo 
angular i 

Now 

V= (*-TT)(a. 

t is the nucleon spin, 
nomentum. V(r) is a 

(*.T,) = + 1, 
= - 2 , 

(a-l)- = +/, 

•L)V(r), (45) 

and I the it—N orbital 
central potential. 

T 3 
J- " 2 

, J P 2 • 

For a given form of V (r) we can calculate the threshold 
values using Eq. (40). The factor (VTT) gives the cor­
rect isospin ratio as in Eq. (44). However, the factor 

(<T« L) gives the spin ratios 

( / = * + * ) / ( / = / - * ) = - | , (1=1); 

- f ,G=2); -i,(l=3). 

These ratios are about 2.5 times the dispersion relation 
values in Table XI . Thus the dispersion relation calcula­
tions are only consistent in a qualitative way with any 
attempt54 to describe the p-exchange effect in TT—TV 
scattering by a simple spin-orbital potential. 

In spite of this we shall estimate the range of the 
potential V(r) in Eq. (45). This is done by comparing 
the threshold values of the J—I—\ terms in Table XI . 
We use the form 

V(r) = D'(r*r/f* (46) 

rather than Eq. (41), in order to allow to some extent 
for the more singular nature of the potential produced 
by exchanging a vector particle. Substituting in Eq. 
(40) and comparing the ratios of the threshold values 
for / = 1 , 2, 3 with the dispersion relation values gives 
K ^ 4 to 5.3.55 This is reasonable as wp = 5.3iu. 

We can also compare the quantities analogous to the 
expression (43a), i.e., the slope at threshold. There is 
good agreement here between the model potential and 
the dispersion relation values if we use K=8A. This 
means that the dispersion relation values of the p-
exchange term fall off much less quickly with energy 
than do the model potential values. This may have an 
important bearing on the calculation of Regge tra­
jectories for the 7T—N resonances, since it shows that 
for the exchange of an isobar as massive as p, calcula­
tions using a simple potential can go badly wrong at 
higher energies. 

(iii) The Long-Range Born Term 

The dispersion relation results for the crossed Born 
term, calculated as in Sec. 4(i) above, give the threshold 
values shown in Table XI I . The ratio —1:2 in the 

TABLE XII. Values of the crossed Born cut 
!i(M-l/M)2<s<M2-{-22 

contribution to Fi±W(s) at the physical threshold. In the Pn 
term the contribution from the pole (S—M2)~l is not included 
here. The last row shows the dependence on the total angular 
momentum / . 

TABLE XL Values of the T = l J = l i r - i r contributions to 
Fi±W(s) at the threshold s = (M+fi)\ The notation for the ampli­
tudes is P2T.2J, etc. The last row gives the ratio of the two con­
tributions for the same T but opposite nucleon spin. 

1=1 1 = 2 1 = 3 

Pn 
Pn 
Pn 
P33 

+3.4 10-2 

- 1 . 7 lO-2 

- 0 . 7 10-2 

+0.35 10-2 

As 
A3 
As 
As 

+2.0 
- 1 . 0 
- 0 . 7 
+0.35 

10~3 

10~3 

10-3 

IO-3 

^ 3 5 

FS7 

+6.3 10~5 

- 3 . 1 10~5 

- 2 . 0 10-5 
+1.0 10-5 

•J — 2 / J — 2 — 5 2 / J ~ 2 3 J — 2/J ~~ 2 3 

1=1 1 = 2 1 = 3 

Pn 
Pn 
Pn 
P33 

+2.4 lO-2 

- 4 . 8 lO"2 

- 5 . 0 lO"2 

10.0 lO"2 

A3 
A3 
As 
As 

-0 .84 10~3 

+1.68 10"3 

+3.4 lO"3 

- 6 . 8 lO"3 

Fi5 
Fn 
FSJ 

+0.37 10-4 

-0 .75 lO"4 

- 2 . 3 
+4.6 

10-
10-

J~2/J--2C:^~^ J —2/J —\ J — 2/J — 2~ 

54 Cf. T. F. Kycia and K. F. Riley, Phys. Rev. Letters 10, 
266 (1963). 

56 The lower value K ^ 4 comes from the (D13/P11) ratio, and it 
is probably too low because of the effect of the circle cutoff at 
\4>\ =66° on the p-w&ve term. 
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(u—M2)~l terms in (14) is the reason for the ratio 

( r = i ) / ( r = f ) = - | (47) 

between terms with the same / and / values in Table 
XII . I t was pointed out by Chew and Low56 that the 
matrix element 

* / ( * - q W (2cog)^ 

for the emission or absorption of a p-w&ve pion by a 
nucleon has considerable symmetry between nucleon 
spin ô* and isospin | T . Here q and ooq are the pion's 
momentum and energy, and rq is the component of T 
appropriate to emitting or absorbing the pion q. Such 
matrix elements appear at each vertex of Fig. 5(i). 
This symmetry between nucleon spin and isospin taken 
together with Eq. (47) give the ratio ( / = | / / = § ) ~ — \ 
for £-wave pions, as found in Table XI I . 

We can give a rough picture based on angular mo­
mentum ideas to show why the ratio (J=l— i / / = / + i ) 
has a smaller magnitude for / > 2 . Consider the case 
J=l+i and examine the components of angular mo­
mentum of the particles at vertex A in Fig. 5(i). The 
free pion and nucleon have angular momentum com­
ponents +1 and + J about some axis 03 . The internal 
nucleon (which is exchanged) has to carry angular mo­
mentum component ( — / + | ) , and, since its momentum 
is small for low-energy pions, its orbital angular mo­
mentum will be l' = l— 1. 

In the case J=l—\ the a.m. components of the free 
particles are either (a) I and — J, or (b) 1—1 and + J . 
In cases (a) and (b) the internal nucleon has to transfer 
components of angular momentum (—/— J) and 
(—Z+f), respectively. The centrifugal barrier will sup­
press case (a) as it requires orbital angular momentum 
/' = /. In case (b) V = 1— l.57 Clebsch-Gordan coefficients 
show that the weight ratio (a):(b) is 2/ : l . Thus we 
expect the process to be damped by a factor l / ( 2 / + l ) 
in the case J—l—\^ relative to the case / = / + § . 

Another notable feature of Table X I I is the over-all 
change in sign as we go from one value of / to the next. 
This over-all factor (— I)1 is just what would be ob­
tained if we represented the interaction by a potential 

56 G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 
57 The internal nucleon has total a.m. J' = lzLi, so /'<(/—1) is 

impossible. 

which contained the spatial exchange operator Px. 
Clearly the graph in Fig. 5(i) does correspond to an 
exchange of the pion and the nucleon. 

Finally we consider whether, on removing the spin, 
isospin, and exchange factors, the interaction can be 
described, at low energies, by a potential of the form 
(41). We do this by using Eq. (42) and comparing the 
threshold values of P1 3 , D15, F17. We get good agree­
ment on using K = 3 . 5 . Using the analog of Eq. (43a) to 
fit the slopes of the dispersion relation results at 
threshold gives K ~ 2 . 8 . These values of K are not con­
sistent with each other, and, contrary to what we might 
expect, they are larger than the value (2.5) for the 
s-wave 7r~7r term. Thus the potential model is not really 
satisfactory for the Born terms. That is not surprising 
since for l>2 the crossed Born term arises from recoil 
and purely relativistic effects. 

(iv) The Crossed Physical Cut Term 

The method of calculation was given in Sec. 4(ii). 
For 1=1 and 2 the TV* contribution is dominant and the 
threshold values give the spin and isospin ratios 

(j=/-i)/(/=/+l)~4> (r=|)/(r=|)=4. 
The isospin ratio will be 4 for any /, provided N* 

is dominant. The typical elements 16/9, 4/9, 4/9, 1/9 in 
the p-wave TT—N crossing matrix56 show that for / = 1 
we also expect the spin ratio to be 4. For l>3 the s-wave 
w—N effect becomes important and the spin and iso­
spin ratios are altered. However, for 1=3 the total 
crossed cut contribution is very small. Finally we note 
that on going from 1=1 to 1=2 the signs reverse, corre­
sponding to the exchange factor P x , which is this time 
associated with the iV* exchange. 
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